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ABSTRACT: Backward-in-time predictions are needed to better understand the underlying dynamics of physical fluid
flows and improve future forecasts. However, integrating fluid flows backward in time is challenging because of numerical
instabilities caused by the diffusive nature of the fluid systems and nonlinearities of the governing equations. Although this
problem has been long addressed using a nonpositive diffusion coefficient when integrating backward, it is notoriously in-
accurate. In this study, a physics-informed deep neural network (PI-DNN) is presented to predict past states of a dissipa-
tive dynamical system from snapshots of the subsequent evolution of the system state. The performance of the PI-DNN is
investigated using several systematic numerical experiments and the accuracy of the backward-in-time predictions is evalu-
ated in terms of different error metrics. The proposed PI-DNN can predict the previous state of the Rayleigh–Bénard con-
vection with an 8-time-step average normalized ‘2 error of less than 2% for a turbulent flow at a Rayleigh number of 105.
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1. Introduction

Accurate state representation of physical fluid flow systems is
essential for thorough analyses of the underlying dynamics. In
general, numerical models are developed to propagate the solu-
tion of a dynamical system forward in time to provide forecasts
of the system state. Backward-in-time models have been shown
to improve the accuracy of forward-in-time forecasts (Auroux
and Blum 2008). These models were used in a data assimilation
setting with large-scale ocean and atmospheric models. For ex-
ample, Ruggiero et al. (2015) implemented a forward–backward
nudging data assimilation algorithm using a negative diffusion
coefficient to stabilize the Nucleus for European Modelling
of the Ocean (NEMO) model over a short period of time.
Forward–backward nudging algorithms were also examined
to incorporate high-frequency remotely sensed observations
of low-level wind into a high-resolution MesoNH mesoscale
model (Boilley and Mahfouf 2012), to analyze the Lorenz’05
(Osborne 2021) and the two-dimensional shallow-water model
(Auroux et al. 2016). In numerical weather prediction, the
short-term estimation of the system state was also improved by
nudging the solution variables in backward-in-time integration
while disregarding the diffusion term (Ma et al. 2015). These
advances motivate the use of backward-in-time predictions in a
data assimilation setting to improve the forecast accuracy.

The most common methods for mitigating the impact of diffu-
sion in backward integration in environmental flow applications
involve either disregarding the diffusion term (e.g., Zodiatis et al.
2012) or setting the diffusion coefficient to a negative value
(e.g., De Dominicis et al. 2013a,b; Dung and Thien 2014).
However, both techniques often diverge from the actual solution
or yield unreliable past predictions (Herty et al. 2020). Little re-
search has been performed on developing robust backward-
in-time integration models that provide consistent-in-time
solutions (Chaturvedi et al. 2013). These efforts are hindered
because the diffusion time scale limits the backward integration
period, raising numerical difficulties in simulating the quantity
and making the problem of obtaining accurate backward-in-
time forecasts “uniquely challenging” (Clement 2010; Sun and
Sun 2017). This problem was also explicitly noted by Ruggiero
et al. (2015) stating that the key limitation of their proposed
nudging algorithm is the accuracy of the backward-in-time
integration.

This study leverages advances in artificial intelligence to train
a deep neural network that provides accurate backward-in-time
predictions without modifying the diffusion parameter. The
popularity of deep learning can be attributed to the ability of
neural networks (NNs) to learn complex relationships between
the input and output fields (Goodfellow et al. 2016). NNs are
deployed to perform various tasks such as image classification
(Deng 2014), semantic segmentation (Li et al. 2019), temporal
action detection (Alwassel et al. 2018), and autonomous driving
(Amini et al. 2020). Deep learning has been recently applied to
model complex physical phenomena, including modeling fluid
flows (Beintema et al. 2020; Jiang et al. 2020), subgrid-scale pa-
rameterization of climate models (Rasp et al. 2018), subgrid-
scale parameterization of wall models in large eddy simulations
(Yang et al. 2019), modeling heat transfer (Sheikholeslami et al.
2019; Tamaddon-Jahromi et al. 2020), and other computational
engineering applications (Saha et al. 2021; Haghighat and
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Juanes 2021). Physics-informed neural networks (PINNs) are
also introduced for enforcing physical constraints by appending
the total loss function, which is minimized to train the network,
with the norm of the residual of governing equations, boundary,
and initial conditions (Raissi et al. 2019). A comprehensive re-
view of recent developments in PINNs and their applications
was presented by Karniadakis et al. (2021).

Here, the proposed physics-informed deep neural network
(PI-DNN) is trained to predict the past states of a physical flow
system from the snapshots of subsequent evolution of the fluid
flow field. To the best of our knowledge, this is the first study to
use an PI-DNN for backward-in-time predictions of dissipative
fluid flows to mitigate the problems caused by diffusion. The
Rayleigh–Bénard convection is used as a test bed, where the cor-
responding equations are solved for several distinct initial condi-
tions at different Rayleigh numbers (Ra) to generate training
and validation data. The NN comprises a U-net for feature ex-
traction and a multilayer perceptron (MLP) for predicting the
previous states and calculating the partial derivatives of the solu-
tion variables with respect to the coordinates, which are subse-
quently used to enforce the governing equations.

The combination of a feature extractor followed by a
task-performing network is extensively applied in the deep
learning–related literature (Long et al. 2015). In the context
of spatiotemporal coordinates, this method was first pro-
posed by Chen and Zhang (2019) and Saito et al. (2019) for
three-dimensional (3D) point cloud applications and was
later adapted to PINNs (Jiang et al. 2020). A feature extrac-
tor can extract correlations in the input fields and provide a
grid of latent features, which includes information about the
input data that cannot be measured directly. The latent fea-
ture vectors are then input to the task-performing network to
provide the context of the input fields and enhance the predict-
ability of the task-performing network. This method has the
advantages of simplicity and effectiveness, as demonstrated in
the deep learning–related literature (e.g., Goodfellow et al.
2016). Other kernel- or dictionary-based techniques are also
expected to perform well. In particular, several techniques
have been developed to learn differential operators, a map be-
tween different function spaces, based on NNs, for example,
by using Koopman operators (Lusch et al. 2018), DeepONets
(Lu et al. 2021), or neural operators Li et al. (2020, 2021). Fou-
rier neural operators, a subclass of neural operators, showed
performance comparable to that of DeepONets (Lu et al.
2021). Recently, Bakarji et al. (2022) introduced the applica-
tion of autoencoders in conjunction with sparse system identifi-
cation for nonlinear dynamics (Brunton et al. 2016) to recover
the system of nonlinear equations using partial observations
of the system states. A direct comparison of the dictionary-,
kernel-, and convolution-based methods has yet to be per-
formed. However, based on the literature, they all perform
comparably and reasonably well, provided the network is ap-
propriately trained, as all the abovementioned methods repre-
sent surrogate models that describe a given phenomenon.

Numerical experiments conducted in the present study ex-
amine the accuracy and robustness of the proposed frame-
work at providing backward predictions for flows at different
Ra. Furthermore, the robustness of a well-trained model is

evaluated to predict the past states of a flow at an Ra different
from that used to train the NN. Here, high accuracy refers to
achieving low error values and robustness refers to the gener-
alizability of the trained network to solution trajectories not
observed during training. The study also investigates the sen-
sitivity of the NN to the time lag between the start of the input
and that of the output. It further examines the effect of the
frequency of observing the system state for a fixed physical
prediction time on the accuracy of the NN. The potential to
obtain long-term backward-in-time predictions by recursively
evaluating the trained model is also explored. The numerical re-
sults suggest that for Ra 5 106, a well-trained model can reach
down to 5% averaged normalized ‘2 prediction error, while a
model trained at a lower Ra of 105 can achieve down to 2% av-
eraged normalized ‘2 prediction error. Integral quantities, such
as the total energy and the Nusselt number, are accurately pre-
dicted with negligible error values. Although the framework is
established on the basis of the Rayleigh–Bénard convection, the
physical model can be substituted with a more practical model
to extend the scope of the framework in future work.

The study is organized as follows: section 2 describes the
Rayleigh–Bénard convection system, the numerical schemes ap-
plied to solve the governing equations, and the datasets used for
training and validation. Section 3 outlines the NN architecture
and describes the training process. Section 4 presents the numeri-
cal experiments and analysis of the results. Finally, section 5 sum-
marizes the major findings and discusses future work.

2. Rayleigh–Bénard convection

The Rayleigh–Bénard convection is a popular canonical
flow that models the thermal instability of a fluid constrained
between a warm bottom plate and a relatively cold top plate
(Pandey et al. 2018). The Ra of a fluid affects the complexity
of the Rayleigh–Bénard flow. The flow becomes chaotic and
is characterized by distinct vortical structures beyond a critical
Ra (Curry et al. 1984; Paul et al. 2007).

Consider a 2D periodic rectangular channel with a hori-
zontal period and a vertical height, L̃x and L̃y, respectively.
The system of equations on the fundamental domain
V5 [0, L̃x/L̃y]3 [0, 1] can be solved by recasting the gov-
erning equations to their dimensionless form in the Boussinesq
limit with the proper scaling (Le Quéré 1991; Le Maı̂tre et al.
2002). The equations are expressed as follows:

= ? u 5 0, (1)

­u

­t
1 (u ? =)u 1 =p 5

Pr����
Ra

√ =2u 1 PrQey, (2)

­Q

­t
1 (u ? =)Q 5

1����
Ra

√ =2Q 1 u ? e2, (3)

where Ra5 (gãDT̃L̃3
y)(ñk̃)21, g is the gravitational accelera-

tion, L̃y is the vertical spacing between the plates, DT̃ is the
absolute temperature difference between the plates, ã is the
thermal expansion coefficient of the fluid, ñ is the kinematic
viscosity, k̃ is the thermal diffusivity coefficient, Pr5 ñk̃21 is
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the Prandtl number, t is time, and ey is the standard basis vec-
tor in the vertical direction. The solution fields are described
by the nondimensional velocity vector u 5 (u, y), pressure p,
and nondimensional temperatureQ.

The governing equations can be solved once the initial and
boundary conditions are specified. In this study, all solution
fields are initialized with random noise beginning from unique
seeds to promote diversity in the evolution of the flow, provid-
ing the network with various distinct features for learning and
testing. Specifically, at an Ra larger than the critical Ra, the
solution becomes more sensitive to the initial conditions
where small perturbations lead to noticeable differences in
the solution fields (Chertovskih et al. 2015). The boundary
conditions are kept constant for all simulations with peri-
odic conditions along the vertical boundaries. At the top
and bottom boundaries, no-slip, no-penetration, and iso-
thermal conditions are enforced. The following are the ini-
tial and boundary conditions:

u(0; x, y) ; U(20:1, 0:1)∀(x, y) 2 V, (4)

Q(0; x, y) ; U(20:1, 0:1) ∀(x, y) 2 V, (5)

u(t; x, 0) 5 u(t; x, 1) 5 0; and (6)

Q(t; x, 0) 5 Q(t; x, 1) 5 0, (7)

where U(a, b) represents a uniform distribution on the inter-
val (a, b).

a. Numerical simulation

A finite-difference technique is used to numerically solve the
system of equations on a uniformly spaced, staggered Cartesian
grid. Other discretization schemes could be used to solve the
governing equations provided they are stable and the resulting
solution is sufficiently accurate; in other words, a stable mesh-
independent solution should be achieved (Seeni et al. 2021).
The domains of the horizontal length Lx and vertical length L̃y
are discretized into nx and ny numerical grid points, respectively,
resulting in a computational cell resolution of Dx5 L̃x/(L̃y/nx)
in the horizontal direction and Dy 5 1/ny in the vertical
direction.

A third-order Adam–Bashforth scheme is implemented for
time integration with a time step Dt and a second-order central
differencing scheme is used for the advection and diffusion
terms. A pressure-projection method is employed to satisfy the
incompressibility condition, and a fast Fourier transform-based
algorithm is used to solve the associated elliptic pressure equa-
tion. Figure 1 illustrates snapshots of the temperature fields for
Ra of 105, 106, and 107. More intricate features are observed
with increasing Ra, which are manifested in terms of fine-scale
features and fast dynamics.

b. Training and validation datasets

The training and validation datasets are generated by solv-
ing the governing equations multiple times for distinct initial
conditions to diversify the trajectories of the solution fields.
Note that the Rayleigh–Bénard convection admits multiple

unstable states for Ra values greater than the critical value
(Cao et al. 2022). Moreover, we reiterate that the Rayleigh–
Bénard convection solution strongly depends on the initial
conditions of the system, where different initial conditions
would yield different solution trajectories (Greenside and
Coughran 1984; van der Poel et al. 2011; Chertovskih et al.
2015; Yigit et al. 2015).

Datasets were generated for flows with Ra 5 105, 106, and
107, where each training and validation dataset consists of 20
and 5 unique solution trajectories, respectively, each starting
from a unique initial field. Datasets corresponding to different
Ra values enable analyzing the framework for various magni-
tudes of chaos in the system, where for a high Ra value, the
flow resembles atmospheric convection (Weidauer et al. 2010;
Chillà and Schumacher 2012). Each solution trajectory was
generated by solving the governing equations over a domain
with Lx 5 3 and Ly 5 1, discretized into [nx, ny] 5 [384, 128]
grid points. A fine time step Dt 5 5 3 1024 is used, which re-
sults in a maximum grid Reynolds number of approximately
O(10), and Courant–Frechet–Louie number below 0.2, which
ensures that the generated solution is stable.

FIG. 1. Snapshots of Rayleigh–Bénard solution fields. Snapshots
of the temperature field of the Rayleigh–Bénard convection fields
corresponding to flows with Ra of (a) 105, (b) 106, and (c) 107. The
illustrations describe the chaotic dynamics of the system for increas-
ing Ra, where more fine-scale features appear with greater Ra.
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The transient of each solution trajectorywas discarded from the
dataset; thus, a temporal subset of the evolution trajectory within
the fully developed regime and corresponding to t 2 [15, 60]
was extracted for training and validation. Specifically, the
PI-DNN is trained to obtain predictions in the fully devel-
oped regime and when the solution is evolving on the attractor.
Although the numerical solution is obtained at a high temporal
resolution, the solution fields at temporal increments of dto are
considered within this time span, where dto5 0.05 for Ra5 107

and dto 5 0.1 for a smaller Ra. This allows for variation in the
solution fields over different time steps. This setup weakly
translates to environmental flow applications, which have long
been hypothesized to evolve on a chaotic attractor (Hastings
et al. 1993; Angelbeck andMinkara 1994).

In the present work, the input and output to the PI-DNN is
called a clip and is comprised of a finite number of snapshots
of the solution fields over the spatial domain. In other words,
the input and output clips have the dimensions (nC, nx, ny, nt),
where nC is the number of solution variables, nx and ny and
the number of spatial points along the horizontal and vertical,
and nt is the number of snapshots. To augment the training
and validation dataset, and as typically performed in the
computer-vision literature, the PI-DNN is trained using spatio-
temporal crops or subsets selected from the entire solution
domain (Simonyan and Zisserman 2015). Spatial subsets are
extracted for training, where the training and validation clips
have the dimensions of (nC, nx,c, ny,c, nt) with nx,c and ny,c are
the number of points along the horizontal and vertical. It is
noteworthy to mention that although training and validation
are performed on the spatial crops, evaluation is performed
on the entire spatial domain, where an evaluation clip has the
dimensions (nC, nx, ny, nt). As described in the problem state-
ment, the input clip corresponds to the future evolution of the
solution fields, whereas the output clip corresponds to the so-
lution field at a past time.

We manipulate the temporal resolution and overlap be-
tween the input and output clips by relying on dimensionless
quantities, namely, the subsampling rate and stride, that are
commonly used in the deep learning literature [e.g., Hou et al.
(2017) and Scheidegger et al. (2017)]. The temporal subsam-
pling rate (sr) is introduced as the temporal frequency at
which data are sampled, such that the time step between con-
secutive frames dt 5 dto 3 sr. The sampled clips are also se-
lected such that the output and input clips start at times t1 and
t2, respectively. The time lag between the start of the input
clip and that of the output clip is characterized by the stride,
st ≡ (t2 2 t1)/dt. Note that sr refers to the temporal resolution
of the input data, whereas st describes the time lag between
the start of the input and output fields.

3. Neural network architecture

We propose a two-stage PI-DNN for the backward-in-time
prediction of the dynamic dissipative fluid flow state. The
deep neural network (DNN) comprises a 3D U-net, used for
extracting the spatiotemporal features, followed by an MLP,
used for the backward-in-time prediction. The network archi-
tecture constitutes building blocks that have been extensively

validated in the relevant literature. The efficiency of a U-net
(Ronneberger et al. 2015) in extracting features and an MLP
network (Rosenblatt 1961; Chen and Chen 1995) in solving re-
gression problems makes this combination attractive for solving
the problem at hand. The architecture of the feature extractor is
discussed in section 3a and that of the MLP in section 3b. Fur-
thermore, the training pipeline and a more detailed schematic of
the architecture of the network are illustrated in Fig. 2. The total
loss function and its components are presented in section 3c.
Section 3d presents the error metrics used to evaluate the per-
formance of the proposed network. Finally, the training proce-
dure is described in section 3e.

a. Feature extraction

The first stage of the pipeline comprises feature extraction
using a convolutional neural network. In particular, a modified
U-net architecture is used to extract features from the input
clips. Although U-nets were initially employed for semantic
segmentation (Ronneberger et al. 2015), their applications ex-
tend to other computer vision tasks, including image classifica-
tion (Cao and Zhang 2020), image superresolution (Lim et al.
2017), and dense object tracking (Bozek et al. 2018). In our ap-
plication, the U-net is used to extract spatiotemporal features
from a multichannel 3D input (x, y, t), with temperature, pres-
sure, and the two velocity components as channels.

Our U-net involves 3D convolution operations instead of the
2D convolutions suggested in the original implementation. In
addition, we use residual blocks (ResBlocks) to benefit from im-
proved training properties (He et al. 2016). The network is com-
posed of an encoder followed by a decoder. The encoder
comprises many stages of convolutional ResBlocks that are im-
mediately followed by a max-pooling layer with a stride of 2.
Each ResBlock is characterized by a sequence of three convolu-
tional layers of kernel sizes 13 13 1, 33 33 3, and 13 13 1.
Each convolution layer is paired with a batch normalization
(BatchNorm) layer and rectified linear activation unit (ReLU)
nonlinearity. The input to each convolution layer is zero-
padded to maintain the spatiotemporal dimensions constant
throughout the convolution layer. The decoder mimics the en-
coder part of the network with nearest-neighbor upsampling
substituting the max-pooling layers. A skip connection concate-
nates the features from each layer of the encoder to those of
the same level from the decoder; this is similar to the original
U-net implementation. These skip connections promote strong
gradient propagation and maintain information from early
layers (Ronneberger et al. 2015; He et al. 2016).

b. Multilayer perceptron network

The second stage of the proposed PI-DNN is an MLP net-
work, which takes as input the spatiotemporal features from
the U-net and the relative spatiotemporal coordinates of the
input clip and predicts on a point-by-point basis the tempera-
ture, pressure, and velocity components of the previous clip.
The relative spatiotemporal coordinates need to be passed to
the MLP to allow the calculation of partial derivatives of the
output variables with respect to space and time. This ap-
proach was first introduced by Raissi et al. (2019), where

ART I F I C I AL I N TELL IGENCE FOR THE EARTH SY S TEMS VOLUME 24

Brought to you by PRINCETON UNIVERSITY LIBRARY | Unauthenticated | Downloaded 06/19/25 05:07 PM UTC



FIG. 2. Overview of the training pipeline. (a) Schematic of the training procedure. The PI-DNN uses the current evolution of the flow
field as the input and predicts the past evolution of the flow field. Specifically, the input clip is transformed using a 3D U-net to produce a
latent grid of spatiotemporal features. These features are then passed to an MLP to predict the states of the system backward in time. We
compare the predicted clip with the ground truth history of the flow field using a regression loss (Lreg) and employ a PDE loss (LPDE) to
enforce the physics of the governing equations. (b) Schematic of the 3D U-net architecture applied for extracting spatiotemporal features
and the MLP used for providing backward-in-time predictions.
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backpropagation was employed to approximate derivatives
with high accuracy. By computing the norm of the residual
from the governing equations and including it as a loss term,
the physics of the system can be enforced.

As in Chen and Zhang (2019), the features with the spatio-
temporal coordinates are concatenated before passing them to
the MLP. In addition, the spatiotemporal features and relative
coordinates are concatenated with each of the hidden layers of
the MLP to maintain the information at the following layers.
An infinitely differentiable Softplus activation function is in-
corporated into the MLP. Specifically, the MLP predicts the
temperature, pressure, and velocity components at the input
spatiotemporal coordinate provided context from the fea-
ture extractor and the spatiotemporal coordinates. The pre-
dicted clip is then obtained by evaluating the MLP for every

computational grid point of this clip using the appropriate
feature vector. That is, given a spatiotemporal grid of fea-
ture vectors resulting from propagating the input through
the U-net, the MLP predicts the solution variables point-by-
point resulting in the output clip. Finally, the entire framework
can be used for predictions over longer periods by evaluating
the network recursively. In particular, the PI-DNN is evalu-
ated recursively by using the predicted clip as input to the
PI-DNN for the next prediction step. This process begins by
propagating an input clip through the PI-DNN to obtain a
predicted clip, which is considered as an input to the second
model evaluation that yields a predicted clip that is further
in the past.

The combination of a feature extractor with a subsequent
task-performing MLP has been established in the deep

TABLE 1. Performance results. The PI-DNN is evaluated on the dataset with Ra 5 106, sr 5 2, dt 5 0.2, and st 5 8. The training
and validation losses for different combinations of LR and g used for training are presented along with the RRMSEs of the solution
variables. The best LR and g settings are highlighted in bold.

g LR RRMSET RRMSEp RRMSEu RRMSEy RRMSET0
RRMSET21

Training loss Validation loss

0.000 0.001 0.1155 0.0981 0.0809 0.0768 0.0861 0.0824 0.0676 0.0685
0.000 0.010 0.0811 0.0737 0.0601 0.0643 0.0588 0.0577 0.0383 0.0520
0.000 0.050 0.1032 0.0947 0.0960 0.0812 0.0792 0.0806 0.0436 0.0807
0.000 0.100 0.0620 0.0604 0.0672 0.0595 0.0430 0.0417 0.0307 0.0463
0.000 0.200 0.0609 0.0564 0.0688 0.0588 0.0422 0.0407 0.0336 0.0456
0.010 0.001 0.1193 0.0988 0.0826 0.0764 0.0908 0.0874 0.0713 0.0715
0.010 0.010 0.0929 0.0782 0.0705 0.0641 0.0697 0.0679 0.0487 0.0605
0.010 0.050 0.0759 0.0678 0.0710 0.0611 0.0551 0.0526 0.0411 0.0530
0.010 0.100 0.0552 0.0517 0.0626 0.0596 0.0367 0.0364 0.0268 0.0434
0.010 0.200 0.0596 0.0557 0.0724 0.0593 0.0398 0.0390 0.0337 0.0459
0.050 0.001 0.1183 0.0962 0.0832 0.0721 0.0910 0.0854 0.0717 0.0710
0.050 0.010 0.0803 0.0680 0.0644 0.0631 0.0563 0.0551 0.0400 0.0515
0.050 0.050 0.0962 0.0901 0.0858 0.0795 0.0758 0.0736 0.0412 0.0775
0.050 0.100 0.0649 0.0600 0.0692 0.0647 0.0451 0.0433 0.0385 0.0481
0.050 0.200 0.1243 0.1266 0.1191 0.0967 0.1069 0.1050 0.0453 0.0964
0.100 0.001 0.1215 0.1003 0.0833 0.0742 0.0928 0.0883 0.0724 0.0725
0.100 0.010 0.0827 0.0705 0.0632 0.0636 0.0586 0.0575 0.0446 0.0532
0.100 0.050 0.0664 0.0585 0.0680 0.0602 0.0454 0.0441 0.0313 0.0474
0.100 0.100 0.0703 0.0651 0.0736 0.0566 0.0511 0.0487 0.0420 0.0506
0.100 0.200 0.0582 0.0549 0.0640 0.0535 0.0380 0.0373 0.0304 0.0433
0.200 0.001 0.1144 0.0935 0.0779 0.0723 0.0859 0.0818 0.0720 0.0663
0.200 0.010 0.0820 0.0701 0.0596 0.0633 0.0597 0.0579 0.0456 0.0513
0.200 0.050 0.0746 0.0688 0.0655 0.0624 0.0519 0.0506 0.0417 0.0514
0.200 0.100 0.0672 0.0590 0.0735 0.0602 0.0458 0.0446 0.0343 0.0483
0.200 0.200 0.0582 0.0577 0.0662 0.0568 0.0386 0.0375 0.0336 0.0456
0.500 0.001 0.1186 0.1004 0.0802 0.0758 0.0903 0.0872 0.0829 0.0714
0.500 0.010 0.0791 0.0681 0.0642 0.0605 0.0533 0.0527 0.0398 0.0508
0.500 0.050 0.0648 0.0649 0.0631 0.0630 0.0432 0.0426 0.0301 0.0477
0.500 0.100 0.0640 0.0575 0.0693 0.0566 0.0414 0.0412 0.0288 0.0472
0.500 0.200 0.1383 0.1220 0.1297 0.1067 0.1125 0.1114 0.0494 0.1102
0.800 0.001 0.1194 0.0953 0.0831 0.0733 0.0931 0.0879 0.0825 0.0685
0.800 0.010 0.0827 0.0738 0.0712 0.0601 0.0579 0.0567 0.0428 0.0579
0.800 0.050 0.0808 0.0685 0.0678 0.0655 0.0572 0.0566 0.0423 0.0532
0.800 0.100 0.0648 0.0625 0.0671 0.0591 0.0434 0.0419 0.0321 0.0479
0.800 0.200 0.0558 0.0473 0.0642 0.0546 0.0361 0.0342 0.0317 0.0419
1.000 0.001 0.1237 0.0998 0.0856 0.0785 0.0941 0.0926 0.0792 0.0741
1.000 0.010 0.0787 0.0683 0.0634 0.0623 0.0547 0.0536 0.0411 0.0515
1.000 0.050 0.0661 0.0603 0.0654 0.0644 0.0443 0.0433 0.0319 0.0488
1.000 0.100 0.1196 0.1175 0.1057 0.0858 0.0918 0.0906 0.0426 0.0885
1.000 0.200 0.0558 0.0525 0.0669 0.0609 0.0364 0.0340 0.0309 0.0438
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learning literature (e.g., Chen and Zhang 2019; Saito et al.
2019). This approach was further applied for physics-informed
superresolution in the context of data compression (Jiang et al.
2020). Although similarities exist between the present network
and that of Jiang et al. (2020), the objectives are different, re-
sulting in important differences, including the dimensions of the
input and output fields and their time stamps. In Jiang et al.
(2020), the training and validation datasets are randomly sam-
pled from the same set of solution trajectories, allowing data to
be leaked between the datasets. Here, the input and output to
the network have the same dimensions, and even though the
MLP predicts the past states of the system, the PDE loss is cal-
culated on the forward-in-time evolution of the states. More-
over, Jiang et al. (2020) evaluate their loss function at a finite
number of points, whereas in the present work, only the PDE
loss is computed for a finite number of points due to limitations
in the graphical processing unit (GPU) memory as further dis-
cussed in the following section. Most importantly, the primary
objective of our study consists of providing a backward-in-time
prediction of the system state for which no backward-in-time
operator can be derived. However, superresolution in the con-
text of data compression, tackled by Jiang et al. (2020), has
been extensively investigated in the literature.

c. Loss functions

The proposed PI-DNN is trained end-to-end by minimizing
a weighted sum of the regression loss (Lreg) and the PDE loss
(LPDE). The Lreg determines how well the neural network can
fit the data, whereas LPDE determines how well the predicted
solution satisfies the governing equations. Specifically, the to-
tal loss (L) is calculated as

L 5 Lreg 1 gLPDE; and (8)

5 ‖ytrue 2 ŷ‖p 1 g‖Gŷ 2 f‖p, (9)

where || ? ||p is the p norm, ytrue 5 {Q, p, u, y} is the true system
state, ŷ is the predicted system state, g is a positive constant
scaling the PDE loss, and Gŷ 2 f is the residual of the system
of governing equations [Eqs. (1)–(3)], where G is the differen-
tial operator and f is the source term. The LPDE is evaluated
by calculating the partial derivatives involved in the residual
of the governing equations using backpropagation.

During training, Lreg is calculated over the predicted clips,
which are represented using a finite number of snapshots of
spatial crops of the computational domain. By contrast, LPDE
is calculated over 2048 randomly selected points from the
computational mesh. For each point, a computational graph is
used to examine the derivatives involved in the PDE, which
allows the evaluation of how well the predicted solution at a
given point satisfies the PDE. A finite number of points are
selected for calculating the PDE loss owing to memory limita-
tions in the GPU, where LPDE requires a copy of the compu-
tational graph for each point at which LPDE is evaluated. It is
worth pointing out that using random points from the spatial
crops rather than the whole domain to verify the PDE loss is
meaningful because the prediction must satisfy the governing
equation at arbitrary spatiotemporal coordinates. Since over
the training period, a sufficient number of arbitrary samples
cover a wide variety of spatial areas, the PDE loss is statisti-
cally significant. In the current setup, the losses do not include
a penalty on boundary information. Adding a loss term on the
boundary conditions is fairly straightforward (Raissi et al. 2019)

FIG. 3. Evolution of error metrics. The evolution of the RRMSE of the predicted (a) temperature and (b) vorticity fields, and the NMAE
of the predicted (c) E and (d) Nuglob. The error metrics are presented for Ra of 105, 106, and 107, as indicated in the legend.
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and might help reduce errors near the boundaries, however, to
achieve such improvements the loss terms must be suitably
scaled leading to additional complexities during training.

d. Error metrics

The performance of the trained model is evaluated by cal-
culating error metrics that determine the discrepancy between
the predicted and the true solution fields. Consequently, we
use the relative root-mean-squared error (RRMSE), a mea-
sure of the normalized ‘2-error between the predicted and ref-
erence solutions, defined as

RRMSEg 5
‖g(x, y; t) 2 ĝ(x, y; t)‖2

‖g(x, y; t)‖2
, (10)

where g and ĝ are an arbitrary reference variable its predicted
counterpart, respectively. The RRMSE of each solution vari-
able is calculated independently and is averaged over V, the
period of the predicted clip, and all the randomly selected
assessment clips. In addition, the RRMSE of the predicted
temperature fields at the two immediate previous frames,
represented by RRMSET0

and RRMSET21
, are reported.

Finally, the training and validation losses are also presented.
The RRMSE of the state variables is an approximate nor-
malized energy norm. Therefore, it is an efficient metric to
evaluate the performance of numerical models (Moin 2010;
Mao et al. 2020), further justifying its application in the pre-
sent context.

For a comprehensive analysis and illustrate the performance
of the proposed framework, errors associated with physically
derived integral quantities are calculated. Consequently, the
normalized ‘1 errors (NMAEs) of the mathematical energy E
and the global Nusselt number (Nu) are calculated using their
definitions retrieved from (Howard 1963, 1972; Doering and
Constantin 1996, 2001; Mhina et al. 2021). The NMAE follows
from the definition of the RRMSE, where the ‘2 norms are
substituted by the ‘1 norm as follows:

NMAEg 5
‖g(x, y; t) 2 ĝ(x, y; t)‖1

‖g(x, y; t)‖1
: (11)

The mathematical energy E is defined as

2E(t) 5 1
Pr

�
V

|u|2dV 1

�
V

(Q 2 Q0)dV, (12)

where Q0 is the initial temperature profile. Finally, Nuglob is
given as follows:

FIG. 4. Qualitative results. (a)–(d) Snapshots of the true, predicted, and error pressure distribution at the indicated time steps, shown from
top to bottom. (e)–(h) Snapshots of the input pressure fields at the specified time steps.

FIG. 5. Training curves. Plots of the (a) validation loss and
(b) temperature RRMSE for the best PI-DNN trained on Rayleigh–
Bénard flows at different values of Ra. The backward-in-time predic-
tion becomes more challenging as Ra increases.
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Nuglob(t) 5 1 1

�
V

Qu ? eydV: (13)

The NMAE of E and Nuglob were computed for 1000 different
predictions, and their average was reported in the study.

The predicted clip has the exact dimensions as the input
clip, implying that the backward-in-time prediction comprises
nt snapshots of the past states. The RRMSEs for the two im-
mediate previous snapshots are presented to help evaluate
the performance of the model at improving the estimate of
the initial conditions.

e. Training setup

Each model was trained for 100 epochs, where each epoch in-
volves 3000 randomly selected clips. Unless specified otherwise,
both the input and output clips used for training and valida-
tion comprise nt 5 8 frames, each with a spatial dimension
of (nx,c, ny,c) 5 (128 3 128) arbitrarily cropped from the do-
main of magnitude [nx, ny] 5 [384, 128]. The PI-DNN was
evaluated on inputs covering the entire spatial domain with
spatial dimensions of (nx, ny) 5 (384, 128). The crops in-
clude the top and bottom boundaries and might overlap
across arbitrary samples corresponding to different epochs.
Although the random samples do not cross the periodic
boundaries, the horizontal periodicity allows taking crops
across the periodic boundary. The loss function was mini-
mized using the stochastic gradient descent (SGD) with a
momentum of 0.9 and a weight decay of 1024 (Sutskever
et al. 2013). After testing the ‘1, ‘2, and Huber norms for the
loss terms, the ‘1 norm was adopted for both Lreg and LPDE
losses because it results in models that achieve the lowest
RRMSE. A parameter search was conducted over the learn-
ing rate (LR) and g; these findings are discussed in the follow-
ing section. The LR was reduced on plateau by a factor of 0.1
with a patience of 10 epochs. Unless specified otherwise, mod-
els were trained using sr 5 2 (i.e., dt 5 0.2 between consecu-
tive time steps) and st5 8.

4. Experiments and results

Numerical experiments were first conducted to test the pro-
posed methodology for various Ra values to assess the ability of
the PI-DNN to predict past solution trajectories. Next, we

investigate the generalizability of the PI-DNN to flows corre-
sponding to flows with Ra values different from the one adopted
for training. The sensitivity of the network to sr and st was then
evaluated for several conditions. We emphasize here that the re-
sults presented in the following sections correspond to training
and validation of the PI-DNN performed on a spatial crop of
the domain, and evaluation is performed on solution trajectories
of the entire spatial domain.

a. Learning solution trajectories

The ability of the neural network to predict the states of the
Rayleigh–Bénard system was assessed by first training differ-
ent PI-DNNs for each of the datasets described in section 2b.
Table 1 lists the RRMSE of each solution variable and those

TABLE 2. Generalizability of the PI-DNN to different values of Ra. The PI-DNN is trained using Rayleigh–Bénard flows with
Ra 5 106. The performance of the PI-DNN is evaluated on flows with different Ra. The results corresponding to the Ra number
trained on are highlighted in bold.

Ra RRMSET RRMSEp RRMSEu RRMSEy RRMSET0
RRMSET21

1 3 105 0.0682 0.0911 0.0836 0.0523 0.0359 0.0352
7 3 105 0.0381 0.0399 0.0448 0.0592 0.0271 0.0268
8 3 105 0.0445 0.0484 0.0468 0.0631 0.0304 0.0296
9 3 105 0.0622 0.0602 0.0657 0.0712 0.0384 0.0392
1 3 106 0.0552 0.0517 0.0626 0.0596 0.0367 0.0364

1.1 3 106 0.0560 0.0508 0.0574 0.0734 0.0381 0.0383
1.2 3 106 0.0727 0.0619 0.0666 0.0792 0.0453 0.0459
1.5 3 106 0.0750 0.0676 0.0705 0.0828 0.0474 0.0480
2 3 106 0.1398 0.1238 0.1215 0.1671 0.0783 0.0814

FIG. 6. Evolution of error metrics. The evolution of (a) the
RRMSE of the predicted temperature and (b) the NMAE of E.
The error metrics are presented for a PI-DNN trained using a data-
set of solution trajectories of the Rayleigh–Bénard convection
with Ra 5 106 and evaluated on solution trajectories at different
Ra values, as indicated by the legend.
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of the temperature solutions for the two immediate snapshots
prior to the input as well as the training and validation losses.
The table presents the outcomes of evaluating a neural net-
work trained on a Rayleigh–Bénard flow with Ra 5 106, using
st 5 8 and sr 5 2. The results indicate that the best (LR, g)
pair is (0.1, 0.01) and the corresponding results are highlighted
in Table 1. The resulting prediction of the trained network has
an RRMSE of approximately 6% averaged over the eight pre-
diction time steps. The temperature field for the immediate
frame prior to the input is predicted with an RRMSE of ap-
proximately 4%. The results further suggest that for this ex-
periment, a small g value achieves the best trained network;
however, the RRMSEs corresponding to nearby values of g
are comparable, suggesting that the PI-DNN’s training is
slightly sensitive to g. In the limit of large g, the network is
trained to minimize the PDE loss only, similar to conventional
PINNs (Raissi et al. 2019). This, however, may not achieve the
desired solution because the predicted field may not be consis-
tent with the reference solution, as seen during training. In the
limit of g approaching zero, the network is trained to minimize
the regression loss only; the predicted fields thus capture the
large scales more accurately than the fine scales. This suggests
that calibrating g generally improves the performance of the
trained model, as further discussed in light of the experiments
presented below.

The table confirms a strong relationship between g and the
resulting RRMSE; differing from the observation of Jiang
et al. (2020). In particular, Jiang et al. (2020) tackled the issue
of superresolution in the context of data compression, where
the training and validation datasets corresponded to the same
solution trajectories. This enabled them to realize spatial and
temporal compression ratios that are not theoretically possi-
ble through downscaling, which is the process of obtaining
high-resolution solution fields using low-resolution informa-
tion (Azouani et al. 2013; Farhat et al. 2015). Data compres-
sion would then require a larger weight on the reconstruction
loss as opposed to the PDE loss, which was numerically vali-
dated in their work. However, the training and validation
datasets in our study correspond to unique solution trajectories
because the primary objective is to identify a mapping that
could be employed as a surrogate to the intractable backward-

in-time operator. This is necessary for the problem at hand be-
cause the backward-in-time operator cannot be derived for
this dissipative system; hence, the forward-in-time govern-
ing equations are employed to assess the predictions of the
past states, in their correct chronological order. Enforcing
the forward-in-time dynamic avoids making modifications
to the viscosity term, especially in terms of taking nonposi-
tive values. Accordingly, the PDE loss is an important term
to obtain accurate predictions, as affirmed by the results in
Table 1. In a practical setting, such as large-scale environ-
mental models, the PDE loss might be challenging to imple-
ment. However, invariants and/or conservation laws could be
used instead, similarly to Ling et al. (2016), Mao et al. (2020),
and Bode et al. (2021).

Figure 3 shows the evolution of the RRMSE of the pre-
dicted temperature and vorticity fields as well as the NMAE
of E and Nuglob for a PI-DNN trained and evaluated on data-
sets corresponding to different Ra values. The figure indicates
that the RRMSEs of temperature and vorticity are lower for
smaller Ra, which is expected because the system becomes
more chaotic as Ra increases. The RRMSE of the vorticity is
greater than that of the temperature because the network was
trained with temperature data, while vorticity is a derived
quantity, which will inherit the errors of both velocity compo-
nents. In addition, the figure indicates that the further the pre-
diction is backward in time, the higher are the prediction
errors. Moreover, the rate of increase of errors increases with
higher Ra, implying that the lead time corresponding to low
prediction errors becomes shorter with higher Ra. Both E and
Nuglob suggest a different behavior, with no discernible pat-
tern. The errors corresponding to E and Nuglob are negligible
where both are less than 1026. These results suggest that the
total network prediction accurately reflects the flow dynamics,
with a small difference in the fine scales resulting in higher re-
construction errors but minimal errors for integral quantities.
This behavior resonates with the numerical methods litera-
ture, where using different metrics yields the same conclu-
sions (Farhat et al. 2015; Jiang et al. 2020). The discussion on
the vorticity and Nuglob will be omitted in subsequent sections
because it is similar to those on the predicted temperature
and E, respectively.

TABLE 3. Sensitivity of the PI-DNN to sr for a constant period of backward-in-time prediction. Average error metrics for the best
trained PI-DNN for each nt. Results correspond to a constant physical prediction time of 1.6 at different combinations of nt and sr.

nt gopt LRopt RRMSET RRMSEp RRMSEu RRMSEy RRMSET0
RRMSET21

Training loss Validation loss

32 1.0 0.05 0.0804 0.0784 0.0794 0.0773 0.0684 0.0668 0.0282 0.0549
16 1.0 0.10 0.0652 0.0850 0.0744 0.0762 0.0521 0.0506 0.0310 0.0523
8 0.1 0.20 0.0663 0.0735 0.0786 0.0707 0.0406 0.0402 0.0331 0.0496
4 0.1 0.20 0.0799 0.0775 0.0633 0.0692 0.0399 0.0615 0.0379 0.0505

TABLE 4. As in Table 3, but for PI-DNNs trained with fixed training parameters [scaled based on batch size (Goyal et al. 2017)].

nt g LR RRMSET RRMSEp RRMSEu RRMSEy RRMSET0
RRMSET21

Training loss Validation loss

32 0.1 0.05 0.0952 0.0996 0.0876 0.0879 0.0843 0.0831 0.0340 0.0642
16 0.1 0.10 0.0778 0.0755 0.0733 0.0727 0.0639 0.0632 0.0320 0.0520
8 0.1 0.20 0.0663 0.0735 0.0786 0.0707 0.0406 0.0402 0.0331 0.0496
4 0.1 0.40 0.9991 0.9992 1.0000 0.9992 0.9992 0.9992 0.7443 0.7414
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Figure 4 illustrates the evolution, in chronological order, of the
temperature field corresponding to the reference field, predicted
field, and their residual fields along with the temperature fields
that were used to evaluate the PI-DNN. Although the PI-DNN
input and output clips consisted of eight snapshots, only four
snapshots of the PI-DNN’s input and output clips, centered over
their combined time period, are presented for clarity. The figure
outlines small-scale structures in the domain and a qualitative
comparison of the prediction of the network against the true
field. Although the large-scale features are often well predicted
with no noticeable difference relative to the reference solution
fields, the results suggest that the error increases the further the
prediction is in the past. The figure shows that the predicted
fields capture the formation of a plume that later detaches near
the middle of the top boundary with an error approximately an
order of magnitude less than the range of values in the domain.
The predicted fields also regulate the magnitude of the field
across the domain; that is, the center high-pressure blob was pre-
dicted to have a smaller pressure value, with an increasing ampli-
tude moving forward in time. Finally, the comparison of the
various structures indicates that the input and output clips have
different large- and small-scale features, which indicates that the
network is genuinely performing a backward-in-time prediction.
The backward-in-time prediction can predict the correct position
and size of the fields with an error at least an order of magnitude
less than the background signal. The supplemental material illus-
trates the other solution variables for the same experiment.

The training parameter search for the Rayleigh–Bénard
flows at Ra of 105 and 107 is shown in the supplemental mate-
rial for brevity. Specifically, for Ra 5 105, the best LR and

g are 0.2 and 1.0, respectively, yielding a maximum tempera-
ture RRMSE of 0.0314. By contrast, for Ra 5 107 and sr 5 1,
the best LR and g are 0.1 and 0.5, respectively, yielding a max-
imum temperature RRMSE of 0.0967, indicating that the re-
sulting backward-in-time predictions become less accurate as
Ra increases. Prediction errors may be decreased using a more
complex DNN and/or a larger training dataset. Finally, the val-
idation loss and the RRMSE corresponding to the predicted
temperature fields are demonstrated in Fig. 5. The results indi-
cate that, for a fixed network width and depth, the RRMSE of
the predicted fields increases for larger Ra; this suggests that it
is more challenging to predict the system states at previous
times when Ra increases.

b. Generalizability to different Ra

In a practical setting, the value of Ra may not be accurately
known a priori. This requires the trained PI-DNN to be robust
to flows with slightly perturbed Ra. To evaluate our PI-DNN’s
performance in such a setting, we used the PI-DNN trained
for Ra 5 106 to conduct backward-in-time predictions on
Rayleigh–Bénard flows at Ra of {105, 73 105, 83 105, 93 105,
1.1 3 106, 1.2 3 106, 1.5 3 106, 2 3 106}. A set of 3000 arbi-
trarily sampled clips for each Ra was employed to investigate
this problem. The predictions were conducted over the entire
spatial domain and eight snapshots in time, and the error met-
rics were averaged over the random samples.

Table 2 lists the average error metrics over these arbitrarily
selected clips for each tested Ra. For smaller Ra, the trained
PI-DNN could maintain the accuracy obtained on the original
validation datasets. Specifically, for Ra 10%, 20%, and 30% be-
low the Ra on which the PI-DNNwas trained, the temperature
RRMSEs are 6.2%, 4.45%, and 3.81%, respectively. The tem-
perature RRMSE is 6.82% when Ra is 10 times smaller than
that on which the PI-DNN was trained. This implies that the
PI-DNN can generalize to Ra up to 10 times smaller than the
trainedone,with an additional error of less than 2%.Thepredicted
pressure and velocity fields also show similar outcomes.

For higher Ra, the performance of the PI-DNN is different
than that for lower Ra. In particular, for a Ra 10% greater than
the one trained on, the PI-DNN yields an RRMSE of 5.6%. At
Ra of 1.2 3 106 and 1.5 3 106, the RRMSE of the temperature
increases to 7.27% and 7.5%, respectively, implying a satisfac-
tory performance at moderately high values of Ra. By contrast,
when Ra is doubled, the network fails to yield accurate
backward-in-time predictions, with the RRMSE of the predicted

TABLE 5. Sensitivity of the PI-DNN to sr at constant nt. Comparison of the PI-DNNs trained with the best parameters using
different temporal subsampling rates sr and a fixed number of predicted frames at nt 5 8. The RRMSE of all the solution variables
increases linearly with sr. This observation indicates that slower dynamics are simpler to predict than faster dynamics.

sr gopt LRopt RRMSET RRMSEp RRMSEu RRMSEy RRMSET0
RRMSET21

Training loss Validation loss

1 0.05 0.2 0.0172 0.0453 0.0342 0.0323 0.0157 0.0149 0.0148 0.0223
2 0.05 0.2 0.0274 0.0513 0.0261 0.0375 0.0215 0.0208 0.0196 0.0241
3 0.3 0.2 0.0451 0.0467 0.0628 0.0577 0.0314 0.0292 0.0287 0.0359
4 0.1 0.2 0.0628 0.0677 0.0758 0.0730 0.0364 0.0366 0.0333 0.0473
5 0.3 0.2 0.0905 0.0983 0.0859 0.0909 0.0499 0.0505 0.0416 0.0633
6 0.5 0.2 0.1192 0.1168 0.1109 0.1098 0.0589 0.0646 0.0420 0.0804

FIG. 7. Evolution of error metrics. The evolution of the RRMSE
of the predicted temperature. All PI-DNNs are trained to predict
at a constant prediction period with different temporal frequencies
of the input snapshots. The results are shown here for varying nt,
while keeping the prediction length fixed.
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temperature fields reaching approximately 13.98%. The pre-
dicted pressure and velocity fields show similar variations in
RRMSEs as those of the temperature. These results can be ex-
plained by the fact that finer features appear for flows with
higher Ra. Because the network was not exposed to these fea-
tures during training, it cannot predict them accurately.

Figure 6 shows the evolution of the RRMSE of the predicted
temperature fields and the NMAE of E. The further the predic-
tion is back in time, the higher is the RRMSE of the prediction.
Similar values of the RRMSE are obtained for all Ra values be-
low or equal to 1.5 3 106. However, the RRMSE is noticeably
higher for Ra 5 2 3 106. Moreover, the rate of increase of er-
rors is also comparable across all Ra values considered. The fig-
ure also shows that the NMAE of E is of the order 1027 for all
Ra values considered, which implies that the network can pre-
dict the total energy in the system with sufficient accuracy.

c. Sensitivity to sr for a fixed prediction period

In this section, we investigate the sensitivity of the PI-DNN
to the sr while keeping the prediction period fixed. Specifically,
the experiment was conducted by varying the (sr, nt) pairs to
maintain a prediction period of 1.6 and then training a net-
work for each chosen pair. This corresponds to observing the
state of the system at different temporal frequencies while
maintaining the prediction period constant. To achieve a cons-
tant total physical period of the clip, the number of snapshots
is varied. The dataset corresponding to Ra 5 106 with dto 5

0.05 was used. Finally, the stride was set to st5 nt such that no
snapshots overlap between the input and predicted clips.

Tables 3 and 4 outline the error metrics, training, and vali-
dation loss for each trained PI-DNN with the indicated g and
LR. Table 3 presents the error metrics corresponding to the
best trained PI-DNN according to a grid search for the best
(g, LR) pair. The results indicate that for the best training pa-
rameters and for nt 5 32 and 4, the PI-DNN predicts the tem-
perature fields with an average RRMSE of approximately
8%. By contrast, for nt 5 8 and 16, the temperature RRMSE
is approximately 6.52% and 6.63%, respectively. This indi-
cates that there is only a slight difference in the PI-DNN’s
performance when observing a small number of frames at a
coarse temporal period and when observing several frames at
a fine temporal period.

Table 4 outlines the error metrics and losses for a fixed
(g, LR) pair. Because the batch size decreases with increasing
nt (due to memory restrictions), a linear scaling was used for
the LR (Goyal et al. 2017). The results signify that, for constant
training parameters, the lowest RRMSE corresponds to the

PI-DNN with nt 5 8 separated by dt 5 0.2. Similar to the
conclusions drawn from Table 3, for nt 5 4 and 32, the
RRMSEs of all solution variables are slightly larger than
those corresponding to both nt 5 8 and 16. For nt 5 4 and
dt 5 0.4, the model diverges, while for nt 5 32, the PI-DNN
outputs a prediction with a temperature RRMSE of 9.52%.
In comparison, for nt 5 8, the temperature RRMSE is the
lowest, approximately 6.63%.

Figure 7 presents the RRMSE of the predicted temperature
fields, providing more insight into the evolution of the errors
over the backward-in-time prediction. The curves are translated
along the time axis to show the immediate prediction at t 5 0.
The figure indicates that for all values of dt, the prediction errors
increase when the prediction is further back in time. These re-
sults support the previous findings that the related errors are
higher for dt5 0.05 and 0.4 than for dt5 0.1 and 0.2, suggesting
that highly coarse or fine observations of the system state might
degrade the performance of the PI-DNN. The figure also indi-
cates that the errors increase almost linearly when dt 5 0.4 and
nonlinearly for the finer temporal resolution of the input clip.

d. Sensitivity to sr at fixed nt

This section analyzes the impact of sr on the performance
of the PI-DNN. The number of input and output frames is set
to nt 5 8 with st 5 8. This configuration, with a fixed nt and a
variable sr examines the effect of the temporal frequency of
the input data on the backward-in-time prediction errors and
is different from the previous experiment in terms of the
backward-in-time prediction period. Here, we rely on the da-
taset corresponding to Ra 5 106, with dto 5 0.1, and vary sr
by unit increments from 1 to 6.

TABLE 6. As in Table 5, but for constant training parameters.

sr g LR RRMSET RRMSEp RRMSEu RRMSEy RRMSET0
RRMSET21

Training loss Validation loss

1 0.1 0.2 0.0187 0.0440 0.0321 0.0312 0.0175 0.0164 0.0135 0.0220
2 0.1 0.2 0.0306 0.0615 0.0374 0.0366 0.0252 0.0234 0.0226 0.0283
3 0.1 0.2 0.0613 0.0928 0.0691 0.0920 0.0436 0.0415 0.0425 0.0565
4 0.1 0.2 0.0628 0.0677 0.0758 0.0730 0.0364 0.0366 0.0333 0.0473
5 0.1 0.2 0.1016 0.0958 0.0930 0.0916 0.0650 0.0646 0.0499 0.0665
6 0.1 0.2 0.1207 0.1254 0.1119 0.1145 0.0643 0.0694 0.0420 0.0827

FIG. 8. Evolution of error metrics. The evolution of the RRMSE
of the predicted temperature. All PI-DNNs are trained to predict
at a constant prediction period with different temporal frequencies
of the input snapshots. The results are presented here for a fixed nt
resulting in different prediction periods.
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Tables 5 and 6 list the RRMSE of each solution variable, the
RRMSE for the first two backward-in-time temperature predic-
tions, respectively denoted by T0 and T21, and the training and
validation losses. Table 5 outlines the aforementioned error
metrics for the best trained PI-DNN according to a grid search
on different (g, LR) pairs. The results indicate that the RRMSE
of all the solution variables increases linearly with sr, confirm-
ing that it is easier to perform short-term predictions where the
input snapshots are closely spaced in time. This suggests that
the accuracy of backward-in-time prediction is directly propor-
tional to dt, the temporal resolution of the input clip. The re-
sults further indicate that the input to the NN should be
provided at a finer dt, which implies that more frequent obser-
vations of the system state are required to train the proposed
PI-DNN efficiently. Table 6 lists the error metrics for PI-DNNs
trained using a constant (g, LR) pair. The conclusions drawn
from Table 5 hold for constant training parameters, where the
average error metrics are approximately linear with sr.

The evolution of the RRMSE of the predicted temperature
fields over the backward-in-time prediction period is illustrated
in Fig. 8. The figure shows the RRMSE at each predicted time
step for different sr values, maintaining constant nt. The curves
are translated along the time axis such that the prediction ex-
tends from the time origin backward. As sr increases, the
RRMSE increases; however, the prediction period is also larger.
The RRMSE is usually lower for a lower sr value at a given time
step. However, exceptions might arise at the final prediction
time step. This agrees with the results of Tables 5 and 6.

e. Sensitivity to st

Although correlations in the data are generally consid-
ered to not carry much additional information (Homan and

Gelman 2014), in this experiment, we investigate whether
correlations in the training input–output pairs, in the form
of overlapping snapshots, would improve the predictability
of the network. We then examine if the network can output
accurate predictions while skipping one or more frames. In
particular, the network was trained for multiple values of st
while fixing nt 5 8. An st value smaller than nt implies that
the input and output clips have nt 2 st frames in common.
By contrast, an st value greater than nt implies that st 2 nt
frames are skipped between the input and output clips. All
snapshots that were not shared with the input will be called
“new” snapshots to differentiate them from those shared
with the input clip when st , nt.

Tables 7 and 8 list the error metrics for each solution vari-
able, the RRMSE of the predicted temperature field for the
immediate two steps backward, and training and validation
losses. The two tables show the results corresponding to the
PI-DNN trained with the best (g, LR) pair in Table 7 and
with a constant (g, LR) training pair in Table 8. In both ta-
bles, for all solution variables, the RRMSE increases line-
arly with st for all st # 6. By contrast, for st . 6, the
RRMSE increases quadratically with st. The results also in-
dicate that the RRMSE decreases as the number of com-
mon frames between the input and output clips increases.
For st 5 2, the lowest RRMSEs are obtained; for example,
the average RRMSE of the predicted temperature is less
than 2%. However, for st 5 10, the average RRMSE is
above 10% for all variables, indicating that when multiple
frames are skipped, predictability is rapidly lost. The re-
sults also imply that a single missing frame would result in
only a 2% error increase compared to the case when back-
ward prediction starts immediately before the input (i.e.,
no common frames).

TABLE 7. Sensitivity of the PI-DNN to st. Comparison of the PI-DNNs trained with the best parameters and using different stride
values, st. The RRMSE of the backward-in-time prediction decreases as the number of shared frames between the input and output
clips increases.

st gopt LRopt RRMSET RRMSEp RRMSEu RRMSEy RRMSET0
RRMSET21

Training loss Validation loss

2 0.3 0.1 0.0126 0.0125 0.0120 0.0190 0.0125 0.0103 0.0148 0.0095
4 0.1 0.1 0.0242 0.0275 0.0234 0.0279 0.0189 0.0160 0.0185 0.0178
5 0.5 0.1 0.0313 0.0335 0.0282 0.0355 0.0217 0.0192 0.0199 0.0220
6 0.5 0.2 0.0400 0.0419 0.0422 0.0443 0.0273 0.0248 0.0252 0.0288
7 0.1 0.2 0.0520 0.0526 0.0584 0.0573 0.0325 0.0311 0.0316 0.0378
8 0.5 0.2 0.0648 0.0737 0.0709 0.0686 0.0377 0.0370 0.0332 0.0480
9 0.1 0.2 0.0811 0.0867 0.0890 0.0811 0.0490 0.0498 0.0423 0.0582

10 0.05 0.2 0.1080 0.1107 0.1020 0.0999 0.0743 0.0768 0.0489 0.0738

TABLE 8. As in Table 7, but for fixed training parameters.

st g LR RRMSET RRMSEp RRMSEu RRMSEy RRMSET0
RRMSET21

Training loss Validation loss

2 0.5 0.2 0.0159 0.0192 0.0155 0.0221 0.0167 0.0130 0.0126 0.0122
4 0.5 0.2 0.0244 0.0293 0.0323 0.0363 0.0186 0.0159 0.0198 0.0206
5 0.5 0.2 0.0329 0.0339 0.0332 0.0356 0.0220 0.0201 0.0200 0.0234
6 0.5 0.2 0.0400 0.0419 0.0422 0.0443 0.0273 0.0248 0.0252 0.0288
7 0.5 0.2 0.0545 0.0662 0.0682 0.0647 0.0339 0.0314 0.0321 0.0449
8 0.5 0.2 0.0648 0.0737 0.0709 0.0686 0.0377 0.0370 0.0332 0.0480
9 0.5 0.2 0.0818 0.0811 0.0848 0.0860 0.0491 0.0496 0.0396 0.0577

10 0.5 0.2 0.1125 0.1196 0.1009 0.1151 0.0779 0.0796 0.0576 0.0801
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Figure 9 illustrates the behavior of the RRMSE of the pre-
dicted temperature field for different st values. For all values
of st, the figure indicates that the RRMSE increases, but the
prediction goes further back in time. For a given time step,
the RRMSEs of the “new” snapshots are generally lower for
smaller st, indicating that correlations in the input help better
predict past states. When a lag of one snapshot is present be-
tween the input and output clips, the errors are comparable to
the case when no snapshots are shared between the input and
output clips. If more snapshots are missing, the PI-DNN fails
to provide appropriately accurate estimates of the past states
where the resulting prediction errors exceed 8%.

f. Sensitivity to longer prediction periods

In this last experiment, we evaluate the performance of the
trained PI-DNN for providing extended backward-in-time
predictions. For this purpose, the trained PI-DNN was evalu-
ated recursively using the output of the previous evaluation as
input to the subsequent evaluation. We used the dataset cor-
responding to Ra 5 106, dt 5 0.2, and st values of 2, 4 and 8.
Note that nt 5 8 snapshots are predicted in each experiment.
However, only st past snapshots are not overlapping with the
snapshots in the input. In the current setup, each PI-DNN
evaluation predicts nt snapshots of the past state, where st out-
put snapshots do not overlap with the input snapshots. That
is, when the PI-DNN is recursively evaluated Neval times, the

network predicts a total of Neval 3 st snapshots that do not ap-
pear in the original input clip.

Table 9 summarizes the performance metrics for different
values of st and number of recursive model evaluations. Note
that the product st 3 Neval corresponds to the number of pre-
dicted frames. The results imply that when st 3 Neval 5 8,
st 5 4, and Neval 5 2, the PI-DNN yields the lowest average
RRMSE of 3.93% for the predicted temperature field. For st
values of 2 and 8, the RRMSE of each solution variable is ap-
proximately 1% greater than those for st 5 4, indicating that
a recursive model evaluation is a valid solution for a short
prediction time. When st 3 Neval is 16 or 24, the PI-DNNs
trained with st5 4 achieve the lowest error averaged over the
solution variables. In particular, for the case of 16 predicted
frames, the PI-DNN trained with st 5 4 achieves a predicted
temperature RRMSE of 12%, whereas the PI-DNNs trained with
st 5 2 and 8 yield a temperature RRMSE of 15.1% and 13.5%,
respectively. As for the case of st 3 Neval 5 24, the average
RRMSE of the solution variables is the lowest for the case
of st 5 4 averaging at 15%, compared to 20% and 16% for
st 5 2 and 8, respectively. This implies that while correla-
tions in the input–output pair enhance the accuracy of the
backward-in-time predictions, too strong correlations or
no correlation might adversely affect the accuracy of the
backward-in-time predictions.

Finally, Fig. 10 shows the behavior of the RRMSE of pre-
dicted temperature and the NMAE of the predicted E over
the past prediction period. From left to right, the subplots pre-
sent the cases of st3 Neval 5 8, 16, and 24, where different ex-
periments are indicated by the value of st. Note that the figure
only shows the RRMSE of the “new” snapshots without
showing the overlapping time steps. When st 3 Neval 5 8, the
RRMSE for the cases of st 5 2 and 4 are initially lower than
those for st 5 8. The RRMSE, however, increases rapidly for
smaller st values, resulting in the cases of st 5 2 and 4 to have
a larger RRMSE further in the past time steps. The RRMSE
noticeably increases for predictions that are further back in
time as the number of model evaluations increases. Over the
whole integration period, the RRMSE increases for decreas-
ing st values, which indicates that correlations between the in-
put and output clips might not be valuable for accurate long
backward-in-time predictions. By contrast, the NMAE of E
achieves NMAE values of O(1026) for all values of st 3 Neval.

FIG. 9. Evolution of error metrics. The evolution of the RRMSE
of the predicted temperature. All PI-DNNs were trained to predict
at a constant prediction period with different stride values. The
RRMSE of the shared snapshots between the input and output
clips with a dashed line between the marks and the “new” ones
with a solid line.

TABLE 9. Recursive model evaluation. Error metrics corresponding to the backward-in-time prediction for recursively evaluating a
trained PI-DNN for the indicated stride (st) and the number of evaluation times (Neval). Note that the product st 3 Neval corresponds
to the number of frames predicted.

st 3 Neval st Neval RRMSET RRMSEp RRMSEu RRMSEy RRMSET0
RRMSET21

8 2 4 0.0442 0.0337 0.0271 0.0314 0.0112 0.0090
4 2 0.0393 0.0377 0.0284 0.0305 0.0163 0.0134
8 1 0.0495 0.0500 0.0500 0.0673 0.0343 0.0346

16 2 8 0.1514 0.1159 0.0764 0.0706 0.0111 0.0088
4 4 0.1195 0.0864 0.0644 0.0583 0.0163 0.0134
8 2 0.1350 0.1022 0.0830 0.0983 0.0342 0.0345

24 2 12 0.2706 0.2508 0.1477 0.1334 0.0102 0.0081
4 6 0.2226 0.1571 0.1199 0.0978 0.0161 0.0132
8 3 0.2183 0.1666 0.1236 0.1340 0.0339 0.0341
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For st 3 Neval 5 8, the NMAE for the case of st 5 8 is the
largest. Nevertheless, the NMAE is negligible for all cases
presented. As the number of model evaluations increases, the
NMAE of E remains similar for the cases of st 5 4 and 8.
However, the NMAE corresponding to the case of st 5 2
increases quickly for predictions further back in time.

5. Discussion and conclusions

We presented a new approach for backward-in-time predic-
tions of a dissipative dynamical system by employing a PI-DNN
and evaluated its performance by applying it to the 2D Rayleigh–
Bénard convection. The network was trained to predict the
previous system states over several time steps on the basis of
the current evolution of the system state. As opposed to the ex-
isting backward-in-time integration techniques, the proposed

approach does not disregard diffusion or assume a negative dif-
fusion coefficient. Instead, the diffusion term is maintained at
the same level as in the forward run to ensure that the pre-
dicted solutions are physically consistent. The proposed meth-
odology was evaluated through several numerical experiments
to demonstrate the efficiency of the DNN in predicting the past
states of chaotic dissipative system. In particular, the frame-
work was tested for learning the solution fields in the past for
flows with increasing Rayleigh numbers (Ra) and for robust-
ness against flows from perturbed Ra numbers. Several sensitiv-
ity experiments to different model parameters, such as the
subsampling rate and stride, were further performed. Finally,
the potential of predicting the system state further in the past
by recursively evaluating the trained model was tested.

The performance of the model was evaluated using error
metric that assess the similarity between the prediction and

FIG. 10. Evolution of error metrics. The evolution of the RRMSE of the predicted temperature. All PI-DNNs are
trained to predict a constant prediction period, which is achieved by recursively evaluating the PI-DNN. Each
PI-DNN was trained with a different value of st.
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reference fields, namely, the normalized ‘2 error of the solution
variables and the normalized ‘1 error of integral quantities,
such as the mathematical energy and global Nusselt number.
Additional attention was given to the backward-in-time
prediction of the first two frames just before the input to
provide further insights into the network’s performance for
enhancing estimates of the initial conditions. The DNN
provided backward-in-time predictions with approximately
3% error for flows at Ra 5 105. For a fixed network depth and
width, the network achieved about 5% and 10% average
RRMSE for flows at Ra 5 106 and 107, respectively. The opti-
mum trained model maintained its accuracy for flows with an Ra
10 times smaller than the one employed in the training dataset,
indicated by an RRMSE increase less than 1%. For higher Ra,
however, the network RRMSE increased by 2.5% for a 50% in-
crease in Ra, and accuracy was lost when Ra doubled.

For a fixed prediction period, the numerical experiment re-
sults suggest that both low and high subsampling rates would
yield a lower accuracy than models trained with an intermedi-
ate subsampling rate. This indicates that observing the system
state at a high or low frequency slightly impacts the model’s
prediction accuracy. In particular, observing the Rayleigh–
Bénard system state at periods of 0.1 and 0.2 showed a steady
2%–3% enhancement in accuracy relative to the case when
the state was observed every 0.05 and 0.4. By contrast, for a
fixed number of predicted frames, the accuracy decreases line-
arly with an increasing subsampling rate, suggesting that the
accuracy of predicting slow dynamics is higher than that of
predicting fast dynamics. Finally, the sensitivity to stride indi-
cates that correlations in the data help improve the accuracy
of past predictions. The RRMSEs of the solution variables
were also found to behave linearly in relation with stride for
stride values less than 6 and in a quadratic relation for stride
values greater than 6 for 8 predicted frames.

We further assessed the potential of recursively evaluating the
model to provide long-term predictions using the output from
the first model evaluation as input to the second one and so on.
The investigation indicates that including some correlations im-
proves the overall prediction accuracy; however, if several time
steps are common between the input–output pairs, the prediction
accuracy is lost at a faster rate. For the cases of no common or
four common frames between the input and output, the normal-
ized mean absolute error of integral quantities is comparable,
even for long time predictions (i.e., 4.6 units of time). The recon-
struction errors are also comparable; however, beyond 2.6 units
of time, including no correlations provides smaller errors.

Future work will investigate the proposed network for back-
ward-in-time predictions for practical environmental flows, focus-
ing on realistic oceanic and atmospheric applications. We will also
extend the scope of the work to study the impact of uncertainties
in the inputs and/or models on the reliability of the backward-in-
time predictions. In addition, we plan to explore the use of this
approach within a data assimilation framework to estimate the
initial conditions of the model according to the available data.
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