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Abstract

Efficient downscaling of large ensembles of coarse-scale information is crucial in several applications, such as oceanic and
atmospheric modeling. The determining form map is a theoretical lifting function from the low-resolution solution trajectories
of a dissipative dynamical system to their corresponding high-resolution counterparts. Recently, a physics-informed deep neu-
ral network (“CDAnet”) was introduced, providing a surrogate of the determining form map for efficient downscaling. CDAnet
was demonstrated to efficiently downscale noise-free coarse-scale data in a deterministic setting. Herein, the performance
of well-trained CDAnet models is analyzed in a stochastic setting involving (i) observational noise, (ii) model noise, and
(iii) a combination of observational and model noise. The analysis is performed employing the Rayleigh-Bénard convection
paradigm, under three training conditions, namely, training with perfect, noisy, or downscaled data. Furthermore, the effects
of noise, Rayleigh number, and spatial and temporal resolutions of the input coarse-scale information on the downscaled
fields are examined. The results suggest that the expected £-error of CDAnet behaves quadratically in terms of the standard
deviations of the observational and model noise. The results also suggest that CDAnet responds to uncertainties similar to the
theorized and numerically-validated CDA behavior with an additional error overhead due to CDAnet being a surrogate of the
determining form map.
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1 Introduction

High-resolution representations of oceanic and atmospheric
flows are generally achieved using sophisticated simulations
based on high-fidelity general circulation models [8, 33].
Recent developments in data assimilation techniques resulted
in reliable forecasts that accurately represent the states of the

B Omar Knio
omar.knio @kaust.edu.sa

Division of Physical Sciences and Engineering, King
Abdullah University of Science and Technology, Thuwal
23955, Saudi Arabia

Department of Applied Mathematics and Theoretical Physics,
University of Cambridge, Cambridge CB3 OWA, UK

Department of Mathematics, Texas A & M University,
College Station, TX 77843, USA

Division of Computer, Electrical and Mathematical Sciences
and Engineering, King Abdullah University of Science and
Technology, Thuwal 23955, Saudi Arabia

ocean and atmosphere, of which only sparse measurements
are available [13]. However, high-resolution computational
experiments are still a challenge, particularly because only
uncertain coarse resolution measurements of the system state
are typically available [25, 48]. To address such uncertainties,
probabilistic forecasts are typically performed using ensem-
bles of model realizations, however, this approach results
in increased computational complexity that scales with the
ensemble size [7, 28].

Several techniques have been developed to exploit low-
resolution information about an underlying dissipative dynam-
ical system to predict its fine-scale evolution, a process
referred to as downscaling [46]. These algorithms are classi-
fied as statistical or dynamical [31]. Statistical downscaling
aims to develop statistical relations between the low- and
high-resolution solution fields, which can then be used to map
coarse-scale data to its higher resolution counterpart [35, 40].
These techniques have been deployed in multiple settings, for
instance, to increase the resolution of precipitation fields [57],
and estimate the seasonal statistics with respect to the signif-
icant wave height [64]. Dynamical downscaling constrains
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the evolution of the high-resolution dynamical system with
coarse data [31]. It is commonly performed using nudging
techniques in which a high-resolution numerical solution is
nudged toward another that is only described by coarse-scale
information either point by point (grid nudging), or through
its discrete low-modes (spectral nudging) [1]. Dynamical
downscaling is widely used in various climate applications
including atmospheric [5] and oceanic [6] global circulation
models. Statistical and dynamical downscaling techniques
have been compared in several studies, with the results show-
ing comparable performances under particular conditions [1,
13, 38, 56].

Continuous data assimilation (CDA) is adynamical down-
scaling technique that introduces a nudging term in the
governing equations to continuously drive coarse-scales of
the downscaled solution toward the coarse-scale data [2].
When the coarse data are sufficiently resolved and the nudg-
ing parameters are suitably selected, the CDA-downscaled
fine solution approaches the reference solution at an expo-
nential rate in time [2]. Utilizing the CDA framework, one
is able to establish the existence of a more general Lipschitz
map from the low spatial resolution trajectories to their higher
resolution counterparts, called the determining form map [4,
21, 22, 24]. The determining form map is essentially a /ift-
ing function from coarse spatial-scale solution trajectories
of the dissipative system to their higher resolution counter-
parts. CDA has been theoretically investigated for different
dynamical systems, including the 2D Rayleigh-Bénard (RB)
convection [17, 19], 3D planetary geostrophic model [18],
and surface quasi-geostrophic equations [37]. CDA and the
determining form map were further numerically analyzed for
downscaling the 2D Navier-Stokes [27], global circulation
models [13, 14], and 2D Rayleigh-Bénard convection [1, 20,
29, 30].

Ensembles are of utmost importance, especially in appli-
cation to atmospheric and oceanic flows, primarily due
to their ability to effectively capture uncertainties arising
from observations, initial conditions, and model parame-
terizations [49]. Ensembles provide a robust framework for
understanding inherent errors and limitations associated with
measurement devices and techniques. By executing multiple
simulations that incorporate diverse plausible observational
uncertainties, ensembles enable analyzing a range of poten-
tial outcomes, thus enhancing the reliability of the predictions
[63]. Ensembles serve as an essential tool for quantify-
ing uncertainties originating from model parameterizations,
which inherently involve approximations of complex pro-
cesses within the models [34], and initial conditions wherein
minor variations can yield substantial disparities in the sub-
sequent evolution. Through an ensemble-based framework
with predictions coming from distinct parameter settings, one
can effectively investigate the ramifications of such uncer-
tainties on model outputs [61]. Ultimately, ensembles play a
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crucial role in informing decision-making and risk assess-
ment by providing probabilistic forecasts and enhancing
our understanding of complex atmospheric and oceanic pro-
cesses [15].

In practical settings, low-resolution information (e.g.
global climate projections and reanalyses) are typically
provided in terms of ensembles of possible scenarios or real-
izations, which reflect model and observational uncertainties
[41, 60]. Generally, models are imperfect with errors arising
from input uncertainties and poorly known parameterizations
used to account for unresolved processes [53]. Moreover,
data are usually noisy because of measurement errors or
adverse environmental conditions [54]. To address the chal-
lenges arising from uncertainties, a common approach is to
downscale large ensembles of coarse-scale data, however,
this approach necessitates independently downscaling each
coarse resolution realization on a fine computational mesh,
leading to significant computational requirements [39, 44].
The associated computational burdens necessitate an effi-
cient downscaling procedure whose performance in the face
of observational and model uncertainties is well analyzed for
its proper utilization in real-world scenarios.

Recently, CDAnet [30] has been introduced as a physics-
informed deep neural network (PI-DNN) that is trained
to perform computationally-efficient downscaling of dissi-
pative fluid flows, and was tested within the framework
outlined in the theory of the determining form map [21,
23, 24]. CDAnet serves as a surrogate of the determin-
ing form map, from the coarse-scale solution trajectory to
its higher resolution counterpart. Under identical downscal-
ing conditions, and in a deterministic setting that does not
involve data or model uncertainties, CDAnet performs sim-
ilarly to CDA without the requirement to numerically solve
the governing equations [30]. CDAnet could then be directly
leveraged for efficiently downscaling large ensembles of
coarse data, potentially at a fraction of the cost of indepen-
dent fine-resolution simulations. Nevertheless, CDAnet was
only analyzed in a noise-free deterministic setting necessi-
tating a thorough analysis of its performance at downscaling
large ensembles in an uncertain framework.

In the present study, the performance of CDAnet was
investigated in cases involving observational, model and
combined noises, where an ensemble of downscaled real-
izations are generated and their errors with respect to the
reference solution are examined. The study presents a thor-
ough analysis comparing the performance of CDAnet in the
presence of uncertainties during the inference phase for three
different training scenarios. We focus on the RB convection
to analyze the performance of CDAnet in all three scenarios,
which are outlined as follows.

In the first setting, CDAnet is trained with perfect noise-
free data and without model perturbations, as in [30], thus
resulting in the “best” surrogate of the determining form map.
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This enables a thorough numerical examination of CDAnet
and allows for a comparison with the theoretical guarantees;
eg. [3]. The surrogate is then used to individually downscale
each coarse-scale ensemble member in the network’s infer-
ence stage involving a coarse-scale solution trajectory that
was not present during CDAnet’s training. The resulting fine-
scale ensemble is assessed against the reference trajectory
by means of several error metrics. The results are also con-
trasted with predictions obtained using CDA as a benchmark
describing the best achievable downscaling performance.

The aforementioned setting is then relaxed in the sec-
ond and third scenarios, inspired by practical applications in
which coarse-scale data may be noisy and model parameter-
izations being generally imperfect. In particular, the second
scenario involves observational and model uncertainties dur-
ing the training process. Within this scenario, the resulting
CDAnet model is an imperfect representation of the deter-
mining form map. This CDAnet model is then employed in an
inference setting to downscale coarse-scale solution trajecto-
ries in the presence of observational and model noise, where
the resulting ensemble of downscaled fields is systematically
analyzed.

Finally, the third scenario addresses the situation where
the fine-scale reference solution is not available. Conse-
quently, CDA-downscaled solution fields are used to super-
vise CDAnet’s training. However, to remain within a practical
setting, CDA downscaling was performed with slightly inac-
curate downscaling parameters to introduce some “model”
errors in the downscaled solution. Observational and model
uncertainties are then incorporated during the inference to
analyze the performance of CDAnet and contrast it with the
previous two scenarios. In all cases, we analyze the errors
in the downscaled ensemble, examine its statistical proper-
ties, and compare the predictions with those obtained under
idealized conditions. Our numerical results first serve to
validate the theoretical guarantees, and to extend the knowl-
edge present in the literature by examining the response of
CDAnet to the spatio-temporal resolution of the input data,
model noise in CDAnet’s parameters and compound effect
of observational and model noises. The results further extend
knowledge of the performance of CDAnet in more practical
settings involving imperfect training datasets, whether in the
form of additive noise or imperfectly downscaled (“nudged”)
solution trajectories.

The remaining of the manuscript is organized as follows.
Section 2 introduces the RB convection problem. The CDA
algorithm and its theoretical underpinnings are then dis-
cussed in Sections 3 and 4, respectively. Section 5 outlines the
CDAnet machinery, and Section 6 describes the experimen-
tal setting describing how noisy data and model parameters
are generated, in addition to the metrics used to assess the
performance of the trained PI-DNN. The results for the three
downscaling scenarios are then discussed in Sections 7.1-7.3.

Finally, Section 8 summarizes the main conclusions of this
study.

2 Rayleigh-Bénard convection

The considered dynamical problem consists of the motion
of an incompressible Newtonian fluid within a 2D periodic
channel, with a length period of L, in the horizontal x-
direction and height Ly. A temperature difference across
the solid boundaries of the channel is assumed to be main-
tained between the warm bottom boundary and cooler top
wall. Buoyancy effects induced by this temperature gradient
result in thermofluidic instability [50]. The onset of instabil-
ity occurs at a critical Rayleigh number, Ra., beyond which
the RB convection is established. The RB flow is steady with
well-defined cells for Rayleigh numbers, Ra, slightly larger
than Ra., and the flow becomes chaotic with the increase in
Ra [12,51].

According to the scaling proposed by [43] and [42], the
equations of motion employing the Boussinesq approxima-
tion can be expressed as follows:

V-u=0, (1

M - Vyutrvp=
—_— u- u —
ot P v Ra

8T+( T
- u- =
ot v Ra

VZu + PrTey, )

V2T+u~e2, 3)

where T, p, and u = (u, v) are the normalized tempera-
ture anomaly, pressure, and velocity fields, respectively; the

given physical parameters Ra = (g&A(:)ii) (%)~ is the

Rayleigh number; Pr = D&~ is the Prandtl number; A® is
the absolute temperature difference between the plates; g is
the gravitational acceleration pointing downwards; and ey, is
the unit vector in vertical direction. We used &, v, and k to
denote the thermal expansion coefficient, kinematic viscos-
ity, and thermal diffusivity, respectively, and tildes to denote
dimensional quantities.

At the boundaries, the velocity and temperature are spec-
ified as follows:

u(;x,0) =u;x,1)=0, @)

T(t;x,0) =T (t;x,1) = 0. 5)

The equations are simulated subject to horizontally peri-
odic boundary conditions in the 2D fundamental domain,
Q = [0, Lx/Ly] x [0,1]. For this purpose, the system
is initialized with random velocity and temperature fields
drawn from uniform distributions that are independent and
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spatially-uncorrelated. Let U/ (a, b) denote a uniform distri-
bution on the interval (a, b), then the initial conditions are
specified as per u (0; x,y) ~ U(—0.1, 0.1), v (0; x,y) ~
U(—=0.1, 0.1), and T (0; x, y) ~ U(—0.1, 0.1) for all grid
points in the interior of the computational domain.

Note that the above-mentioned initialization approach is
motivated by the fact that the RB system is strongly sensitive
to the initial conditions [10, 65]. Thus, performing initial-
izations with fields drawn from random distributions enables
the construction of a rich dataset with diverse features, which
can enhance the training of the CDAnet models.

2.1 Numerical setup

We follow the same numerical setup as in [30], which is
briefly described here. The high resolution dataset is gener-
ated by employing a finite-difference methodology was used
to solve the governing equations on a uniformly-spaced, stag-
gered, Cartesian grid. The domain was discretized into n,, and
ny points in the x and y directions, respectively, resulting in a
computational grid with width Ax = L /(n, L) and height
Ay = 1/ny. Furthermore, a second-order central differenc-
ing scheme is used to approximate spatial derivatives, and
a third-order Adam-Bashforth scheme is selected for time
integration. Finally, the continuity equation is satisfied using
a pressure projection scheme [11], where the corresponding
elliptic equation for pressure is efficiently solved using a fast
Fourier transform algorithm.

The RB equations are solved on a 2D, periodic, 3:1 aspect
ratio domain, i.e., Ly =3 and L, = 1. We used n, = 768
points in the horizontal direction, n, = 256 points in the
vertical direction, and a fixed time step, At = 5 x 104,
Time integration was performed until a final simulation time,
ty = 60. Three different Rayleigh numbers, Ra = 10,
106, and 107 were considered with a fixed Prandtl number
Pr = 0.7 to observe different chaotic flow regimes [45, 52].
Based on the aforementioned parameters, the grid Reynolds
number was below 10 and the CFL number remained below
0.15 throughout the simulation period. This ensured stabil-
ity of the numerical solution, and that the simulated flow
fields were suitably resolved. Furthermore, for the sake
of completeness, the corresponding low-resolution solution
is generated by subsampling the high-resolution solutions,
which corresponds to having pointwise measurements of the
high-resolution solution, as required by the CDA theory and
practically experienced.

3 Continuous data assimilation
CDA nudging is achieved by introducing into the governing

equations a forcing term that is proportional to the difference
between the spatial “modes” interpolating the coarse data
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and those interpolating the high-resolution solution. CDA
guarantees the convergence of the downscaled solution at
an exponential rate in time if the nudging term is suitably
scaled and the coarse spatial-scale information has sufficient
density.

Let [0 be the spatial interpolation operator of an inter-
polant function ¢ specified on a uniform observation grid of
size h°. Then,

Nhu

Ino (¢ (%) = D ¢ (%) x0; (%), 6)

k=1

where x = (x, y), Oy are disjoint subsets such that diam(Qx)
< h®fork =1, ..., Njo, Njo is the number of observation
points, Ujvfl Q; = Q,x; € Oy arearbitrarily chosen points,
and xg is the indicator function of set S. Let w = (u, v),
W, and o denote the CDA-downscaled velocity vector, tem-
perature, and pressure, respectively. Then, the governing
equations for the CDA-downscaled solution are governed by

the system:
V.w=0, @)

Y WY)W Vo = w4 Pro
— 4+ WwW-V)w = w + Pr@e
ot ¢ v Ra Y

+ Uy (Iho (u”) — Ipo (W)) s ®)

v (W-V)U = VAU A+ pr (Ine (T°) = Ino (),
ot v Ra

©))

where ur and puy are strictly positive user-defined con-
stants called the nudging parameters, and superscript “o"
is used to represent an observed quantity. Here, we set
MUr = g and tune them such that the downscaled solu-
tion rapidly converges to the reference solution. Note that it
was demonstrated theoretically [16] and numerically [1] that
downscaling using velocity observations alone is sufficient
for recovering the RB convection solution. In this particular
setting, ur would be set to zero and only velocity observa-
tions are used to nudge the system of equations. Furthermore,
[1] showed that CDA’s downscaled solution converges to the
reference comparably regardless of the interpolant operator
adopted.

4 Determining form map

For dissipative dynamical systems, the determining form
map is a Lipschitz continuous map from the trajectories of
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the coarse spatial-scales to the corresponding trajectories of
high-resolution solution fields. The determining form map
establishes the theoretical grounds upon which the CDA
algorithm was constructed. The existence of this map was
theoretically proven [21, 22, 24], establishing the possibility
of reducing the global attractor of the Navier-Stokes equa-
tions into an ordinary differential equation in the Banach
space of the coarse spatial-scales trajectories [24]. The deter-
mining form map was originally constructed for recovering
the solution of the 2D Navier-Stokes equations by using a
limited number of low-Fourier modes [21]. The framework
was generalized by [22], who demonstrated that the projec-
tion of the solution trajectories onto the coarse spatial-scales
enables the construction of the determining form of any dis-
sipative dynamical system.

5 CDAnet

Although it provides an attractive framework for downscal-
ing, the determining form map is generally an intractable
function that does not admit a closed-form solution. Recently,
however, [30] introduced CDAnet, an efficient, PI-DNN sur-
rogate of the determining form map. While it was thoroughly
investigated in the noise-free deterministic setting, no study
examines its performance in the uncertain setting. The objec-
tive of this study is to examine the performance of CDAnet
at downscaling large ensembles in the cases involving obser-
vational and model uncertainties. All the experiments of this
study were conducted using the same model architecture and
training parameters as the one presented in [30], that showed
that CDAnet is a suitable approximation of the determining
form map, performing comparably well with the CDA, and
generalizing flows at different Ra numbers.

The network architecture is presented in Fig. 1, and the
training procedure is briefly described here. Readers are
referred to [30] for a fully detailed description of the CDAnet
architecture and its training procedure. CDAnet is a two-
stage PI-DNN comprising a feature extractor, followed by a
task-performing multilayer perceptron (MLP). The CDAnet
architecture involves elements from the U-net [55], and
IMnet [9]; however, it displays certain important differences,
as discussed below.

The features extractor in CDAnet is a U-net convolution
neural network [55] that takes the 3D spatiotemporal low-
resolution trajectory as input and extracts a 3D features grid.
Moreover, CDAnet depends on inception blocks [58, 59] to
magnify the receptive field and improve the quality of the
extracted features. The extracted features are represented by a
grid comprising a features vector for each spatiotemporal grid
coordinate point. These features describe the relationship of
the solution variables over a spatiotemporal patch determined
by the receptive field.
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Fig.1 Schematic representation of the CDAnet architecture, highlight-
ing the 3D U-net, Inception-ResNet blocks, and IM-net components.
CDAnet processes a low-resolution flow field clip as input and gen-
erates its high-resolution counterpart. Initially, the low-resolution
clip is passed through a 3D U-net, which extracts a latent grid of
spatio-temporal features. These features are concatenated and further
processed by an MLP to predict the high-resolution system states. The
network is trained using high-resolution ground truth clips, with the pre-
dicted outputs compared against the ground truth through a regression
loss (Ly¢g). Additionally, a PDE loss (L p pg) is incorporated to enforce
consistency with the governing physical equations. Figure adapted from
(30]

(256/S, 256/S, 8) K Sum

The MLP then uses the features vector, which con-
tains spatiotemporal information, and the corresponding
spatiotemporal coordinates to predict the solution variables
at that coordinate location. In other words, the MLP predicts
the solution variables on the higher-resolution grid on a point-
by-point basis using spatiotemporal correlations between the
input variables. Similar to the work of [9], the features vec-
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tor and spatiotemporal coordinates are concatenated with the
hidden layers of the MLP, except for the final hidden layer.
CDAnet also includes the residual of the governing equations
as an additional loss for training the PI-DNN to constrain the
prediction of the PI-DNN, where this term is called the PDE
loss and is scaled in the loss function using a positive coef-
ficient 1. Note that [9] examined the proposed IMnet in the
context of 3D pointclouds, whereas CDAnet deals with 3D
spatiotemporal input and output data.

For the sake of completeness, we note that CDAnet share
some commonalities with meshfreeflowNet [36], however,
major differences are outlined below. The stark dissimilarity
between CDAnet and meshfreeflowNet is that CDAnet aims
to identify a surrogate of the determining form map, whereas
meshfreeflowNet aims to compress a high-resolution solution
trajectory. In particular, meshfreeflowNet is trained and eval-
uated on a common dataset composed of single or multiple
solution trajectories, where no out-of-distribution samples
are considered. On the other hand, CDAnet is trained to
approximate the determining form map, which may be used
to downscale all trajectories on the attractor. This highlights
the need for the PDE loss in the case of downscaling, as seen
by comparing the results of [30] and [36]. Additionally, the
convolution neural network of meshfreeflowNet is built using
ResNet blocks [32], which unlike CDAnet’s inception block,
have a smaller receptive field [59]. Furthermore, CDAnet is
trained using all the points composing the spatio-temporal
grid in the training data instances, whereas meshfreeflowNet
relies on a number of randomly sampled points.

6 Experimental setup

This section outlines the approaches used to generate low-
resolution noisy observations and perturbed model parame-
ters. Note that the study focuses on the cases when obser-
vational and model noises are present during the inference
stage, where a low-resolution trajectory that was not seen
during training nor validation is downscaled in an uncertain
setting.

6.1 Observational noise

We begin by simulating Eqgs. 1-3 using the initial and
boundary conditions discussed in Section 2, resulting in a
high-resolution reference solution. The high-resolution solu-
tion is then coarsened by subsampling the high-resolution
fields at regular intervals using spatial and temporal down-
scaling factors S and 7, respectively. Here, S and 7 are
positive integers that determine the coarsening factors used
to generate the low-resolution observational grid from the
high-resolution solution grid. Compared to the original high-
resolution reference solution, the resulting low-resolution
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data are S” times coarser in space and 7 times coarser in
time. Note that S and 7 are introduced for simplifying the
analysis, but they should not be confused with the physical
resolution of the observational grid on which the CDA’s con-
vergence relies upon. In this study, we restrict the analysis to
the cases of the spatial and temporal resolutions where the
CDA downscaled solution converges to the reference in the
noise-free deterministic setting.

Noisy low-resolution trajectories are then obtained by
adding independent and identically distributed (i.i.d.) white
noise, randomly sampled from a Gaussian distribution with
zero mean and standard deviation o,5s. Here, o, s fixed for
all the solution variables, which amounts to perturbing the
coarse-scale velocity components, temperature, and pressure
with the same noise level. While noisy observational data
are considered during inference for all training scenarios,
the study also considers a more practical case when observa-
tional noise is present during training.

6.2 Model noise

Noisy model realizations are obtained by perturbing the
weights of a neural network with random noise sampled from
i.1.d. Gaussian distributions with zero mean. For each convo-
lutional or dense layer, the noise level was defined in terms of
a factor oy,04 that scales the standard deviation of the unper-
turbed learnable parameters of the corresponding layer. In
other words, perturbations are added to the weights of each
convolution and dense layer by sampling N(0, 604 X 01ayer),
where A denotes a Gaussian distribution, ¢,,,¢ denotes the
model noise level, and 074y, denotes the standard deviation
of the weights associated with a given layer. Note that 074y,
ensures that the added noise scales appropriately in relation to
the weights of a given layer. In this setup, the weights of a con-
volution layer and a dense layer are assumed to be normally
distributed with zero mean and a scaled standard deviation
based on which the level of model errors can be described.
This strategy allows for analyzing a perturbed counterpart
of the lifting function, where the noise added to the convolu-
tion layers impacts all spatial scales because the feature maps
used to perform predictions would be perturbed.

Note that, this approach is in spirit of that used by [26],
which adds Gaussian noise to the outputs of each convo-
lutional and dense layer of the network. The training of a
CDAnet model with model noise is similar to the stochas-
tic parameterization in a DNN [26], where when the model
parameters are perturbed, they inherit the perturbation’s dis-
tribution. The resulting CDAnet model becomes stochastic,
where model parameters can be sampled from a distribu-
tion, leading to an ensemble of CDAnet models. When
model noise is considered during training, the optimization
is affected by the perturbations, resulting in an uncertainty-
aware CDAnet model. Whereas model noise is considered
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during inference for all training scenarios, the study also
considers a more practical case when model noise is present
during training.

7 Numerical results

The results section is organized as three subsections corre-
sponding to the different CDAnet training scenarios. The first
subsection considers perfect noise-free training conditions,
where noise is only considered in the evaluation. The second
examines the case of noisy training conditions in which per-
turbations are introduced to the input snapshots and model
parameters during training. Finally, the third examines the
case when imperfectly downscaled data are used for training.
In this case, no noise is added to the input snapshots nor to the
model parameters during CDAnet’s training, O Each of these
sections is divided into three subsections characterizing the
noise involved during inference. These subsections consist of
CDAnet’s inference when only observational noise, model
noise, or both observational and model noises are present.
CDAnet is then employed to downscale coarse-scale infor-
mation about a test reference solution trajectory, which is not
part of the training nor validation datasets. With this speci-
fied reference trajectory, coarser scale input data is produced
by subsampling the reference spatio-temporally, followed by
the introduction of observational and model noises, before it
is propagated through CDAnet. This enables us to constrain
the predictions to a single solution and measure the spread
of the downscaled fields about this reference. The resulting
downscaled fields are compared to the noise-free reference
by means of a number of error metrics to thoroughly analyze
CDAnet’s performance. The error metrics include the mean
absolute error (MAE), root mean squared error (RMSE), rel-
ative RMSE (RRMSE) and the expected ¢,-error norm (A)
and are outlined in Appendix A.

7.1 Perfect training conditions

In this section, CDAnet models are trained in the absence of
observational and model errors resulting in the “best” sur-
rogate of the determining form. We analyze the impact of
the presence of observational and model noise during the
inference stage on CDAnet’s downscaling performance. This
idealized training setting enables a comparison between the
theoretical guarantees [3] and the present numerical results,
in addition to extending knowledge in directions that are dif-
ficult to pursue in the theoretical setting. Furthermore, this
settings allow comparing the performance of CDAnet to CDA
in the face of uncertainties.

Note that multiple combinations of different (S, 7) pairs
and different Ra numbers were examined. For brevity, we
present the results corresponding to (S,7) = (4,4) and

Ra = 10° only. This selection was made because CDAnet
was shown to effectively downscale coarse trajectories at
various Ra numbers for spatio-temporal resolutions that are
possible to downscale with CDA, and fail otherwise. This
means that regardless of the Ra number, the error incurred
by CDAnet would stem from representation errors, hence, to
assess the response of CDAnet to observational and model
noise, focus was set on the CDAnet model with the low-
est representation errors. Nevertheless, for completeness,
CDAnet results for different S, 7, and Ra number values are
presented in the Supplementary Material. Furthermore, we
note that the learning rate, batch size and all other training
parameters are adapted from [30]. Specifically, the learning
rate, batch size and A are 0.2, 20 and 0.01, respectively.

7.1.1 Effect of observational noise

The impact of observational noise was investigated by down-
scaling 50 noisy realizations of a coarse-scale trajectory. A
wide range of observational noise levels was considered, such
that o,ps € [0.001, 0.3]. Boxplots of the error metrics for the
downscaled solution variables were first analyzed. The box-
plots indicate that the RMSE and RRMSE of the downscaled
solutions increase with increasing noise levels. Furthermore,
the results indicate flat boxplots meaning that the errors cor-
responding to different downscaled realizations are almost
identical collapsing onto a single value. This indicates that
CDAnet behaves similarly to CDA in the case when only
observational noise is present [29].

Figure 2 shows snapshots of the reference solution along
with the difference with CDAnet-downscaled realizations
obtained under different noise levels for the same time
step. Note that corresponding plots illustrating the temper-
ature fields are presented in the Supplementary. The spatial
error distributions varies and increases in magnitude with
increasing noise level, where the highest absolute errors are
concentrated near the boundary layer and mixing fronts. For
small values of o, the difference between the downscaled
and reference fields is negligible, with no discernible spa-
tial pattern. As the noise level increases, the errors appear to
concentrate near plumes and areas of intense mixing. More-
over, the prediction presents an increasingly granular noise
texture. For o,ps = 0.1, the large-scale structures are barely
visible, and the prediction’s reliability is lost for o5 > 0.1
with extremely noisy predictions.

In the noise-free deterministic setting, CDA was shown
to produce more reliable downscaled fields when com-
pared to those obtained by CDAnet [30]. This result was
attributed to CDAnet being a surrogate of the determining
form map and hence has representation errors; i.e. limita-
tions because it’s an approximation of the determining form
map. Consequently, CDA is considered as the benchmark
when comparing downscaling algorithms. Figure 3 shows

@ Springer



_####_ Page 8 of 22

Computational Geosciences _#######H##H#####H#HHHAT

Truth

Fig.2 Snapshots of the temperature field corresponding to the reference
solution, and the difference between a randomly selected downscaled
realization and the reference solution for different values of o,ps. The

boxplots of the temperature RRMSE resulting from down-
scaling an ensemble of 50 coarse realizations using CDAnet
and CDA with o,,; = 0.01. The plot indicates that the
RRMSEs of individual CDAnet-downscaled realizations are
systematically larger than those of the CDA-downscaled
ensemble. The CDAnet ensemble has an average RRMSE
is approximately 3.28%, whereas that corresponding to the

R
0.034 %10
0
20.0335 4.5 <
< S
a
S o0.033 — — a o
: — ' u
L
Ww 0.0325 T . 3.5
© 0.032 3
I
0.0315 2.5
CDAnet CDA

Fig. 3 Boxplots of temperature RRMSE of CDAnet- and CDA-
downscaled solutions. Each boxplot describes 50 realizations for 0,55 =
10~2. Both CDA and CDAnet were used to downscale 50 realizations
of noisy coarse-scale solution trajectories with S = 4, 7 = 4, and
Ra = 10°
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CDAnet model used to downscale the noisy coarse-scale trajectories
was trained under noise-free condition for S = 4, 7= 4, and Ra = 10°

CDA ensemble is approximately 0.35%. This suggests that
whereas the CDA downscaled fields are more accurate than
those of CDAnet, it remains a dynamical downscaling algo-
rithm requiring that the governing equations be solved on a
high resolution mesh. Therefore, in the case when computa-
tional resources are limited, CDAnet remains a viable option
for downscaling noisy coarse-scale realizations provided that
an error overhead larger than that with CDA downscaled
fields is associated with the CDAnet solution.

The statistics of the downscaled ensembles are then exam-
ined by plotting in Fig. 4 boxplots of the temperature RMSE
and RRMSE for ensembles of increasing size. The plots indi-
cate that the distributions of the RMSE and RRMSE of the
downscaled samples experience a negligibly small change for
ensemble sizes of 20 and larger, where the estimates of the
mean and quantiles of the RMSE and RRMSE become almost
identical for large ensembles. This indicates that it is suffi-
cient to consider moderate size ensembles to obtain suitable
estimates of the error statistics associated with ensembles
downscaled with CDAnet, at least as they are currently struc-
tured and trained.

The Kolmogorov-Smirnov test is applied to an ensem-
ble of 50 CDAnet-downscaled realizations along the vertical
centerlines and horizontal midline of €2, at different times
for o,ps = 0.01, where the plots are presented in the supple-
mentary for the sake of brevity. The Kolmogorov-Smirnov
is a statistical hypothesis test to examine whether samples
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are normally distributed. For both time steps, the test indi-
cates a p-value of one along all the spatial points along the
centerline and midline, indicating that the downscaled fields
are normally distributed along these directions. This sug-
gests that CDAnet lifts a normally distributed ensemble of
noisy coarse trajectories to a normally distributed ensemble
of high-resolution trajectories preserving the distribution of
the noisy realizations.

Figure 5 shows the individual temperature RRMSE curves
corresponding to 50 CDAnet-downscaled predictions along
with the temperature RRMSE curves of the ensemble mean.
The plot shows that RRMSE curves for the individual
CDAnet-downscaled realizations decay over time before
oscillating about an error plateau. The temperature RRMSE
of the ensemble mean is appreciably lower than the RRMSE
of the members of the downscaled ensemble, consistent with
the analogue results of CDA [29]. These results suggest that
by downscaling several noisy realizations using CDAnet and
taking their average, an improved prediction can be obtained.

7.1.2 Effect of model noise

An ensemble of noisy CDAnet models is generated by
sampling noise from a Gaussian distribution to perturb

0 L L
0 20 40

time

Fig.5 Curves showing the evolution of RRMSE of individual CDAnet-
downscaled temperature distributions (colored) and the RRMSE of the
corresponding ensemble average (black). The ensemble comprises 50
realizations, which were generated by downscaling an ensemble of
coarse-scale solution trajectories with o,ps = 0.01, S = 4, 7 = 4,
and Ra = 10°

the parameters of each convolutional and dense layer of
the CDAnet model during inference. The noise-free low-
resolution solution trajectory is input to the sampled noisy
model realizations to predict their high-resolution counter-
parts. We consider model noise levels in a wide range, i.e.,
omoa € [0.001, 0.3], with 50 realizations generated for each
value of 0,04.-

Figure 6 shows the boxplots of the distributions of the
temperature RRMSE of 50 CDAnet-downscaled predictions.
The RRMSE of the downscaled realizations increases with
increasing 0y,,4, Where both the mean and standard deviation
of the error’s distribution increase with increasing o;;,04. This
is, in part, different than the results obtained with observa-
tional noise only, where the errors resulting from different
downscaled realizations collapse onto a single value, essen-
tially having no spread at all.

Figure 7 shows snapshots of the reference temperature
solution along with its difference with CDAnet-downscaled
realizations at t = 49.6, for different o,,,4 as indicated. Plots
illustrating the temperature fields are presented in the Supple-
mentary. Unlike the case where only observational noise was
considered, the error’s spatial distribution does not correlate
with the flow’s dynamics. In particular, the plot indicates that
for 0,04 < 0.01, the differences with the reference solution
are imperceivable, where the predicted large spatial scales of
the downscaled solutions remain clear. On the other hand,

0.6_ T T T T T T T =
%o.m ) T
= T E
m 1
€02} P ==

R —— R
ob— — - - = - |
0.001 0.005 0.01 0.025 0.05 0.1 0.2 0.3
g
mod

Fig.6 Boxplots of the temperature RRMSE of 50 CDAnet-downscaled
fields for different values of 0,,0g With S = 4, 7= 4, and Ra = 10°

@ Springer



_##H##_ Page 10 of 22

Computational Geosciences _#######H##H#####H#HHHAE

Fig.7 Snapshots of the reference temperature field along with the dif-
ference between a randomly selected sample downscaled temperature
field and the high-resolution reference counterpart for different 0,04

the finer-scales are distorted, where the prediction shows a
slightly different position for the tip of the plume and with a
different thickness.

7.1.3 Effect of combined observational and model noise

CDAnet models are then examined in the case when obser-
vational and model errors are present in the inference
stage. Observational and model noise levels in the range
(Oobss Omod) € [0.001, 0.1] x [0.001, 0.1] are considered.
For each (o,ps, omoq) pair selected, 50 CDAnet-downscaled
solutions are generated for the analysis.

Table 2 outlines the means and standard deviations of the
temperature RRMSE of 50 downscaled trajectories, gener-
ated for different (o,p5, Omoq) pairs. For o, < 0.01 and
Omoa < 0.025, the mean RRMSE error falls below 4.5%,
indicating that when data and model perturbations are small
enough, CDAnet predictions are reliable. Furthermore, the
average RRMSE increases appreciably with o, and at a
faster rate in comparison to o,,,4; beyond o,ps = 0.025,
CDAnet predictions become less reliable. Unlike the mean
errors, the standard deviation of the RRMSESs increase at
faster rate with oy,,,4, and exhibits a weaker dependence on
Oobs- In other words, the variability in the errors associated
with the downscaled fields are more sensitive to 0;,,¢ than
to o,ps, Whereas their magnitude is more sensitive to o,p;-.

To provide a qualitative representation of these results,
snapshots of the downscaled temperature field for different
(0obss Omod) combinations are presented in the Supplemen-
tary Material. The plots show that by fixing o,,,4 and

@ Springer

>§10'3

0.05

-5 : -0.05
0 1 2 3

values at time t = 49.6. Noisy CDAnet models were used to downscale
a single noise-free coarse-scale solution trajectory with S = 4, 7= 4,
and Ra = 10°

increasing o,ps, the prediction becomes noisy with a granular
texture covering the spatial domain. In contrast when the o,
is fixed, the imprint of the convolution filters appears stronger
across the domain with increasing oy,,4. Figure 8 illustrated
the reference temperature field accompanied by the differ-
ence between the CDAnet downscaled temperature field for
different combinations of (o,ps, Omoq) to illustrate the qual-
itative dependency of errors on the magnitude of noise.

The boxplots of the temperature RMSE and RRMSE
for ensembles with different sizes, ranging from 10 to 100
with o, = 0.0125 and 05,04 = 0.01 were plotted and
analyzed. These boxplots are shown in the supplementary
because the conclusions drawn are similar to those discussed
in the previous sections. The results suggest that an ensem-
ble size as small as 10 may be sufficient to capture the
mean and spread of the error distribution, with both quanti-
ties exhibiting weak dependence on the ensemble size. This
suggests that the CDAnet downscaled ensemble is rich in
terms of the statistical information it provides, where the
tails increase with increasing sample size, however, the mean
estimate remains within 3% of that estimated by a small
cardinality ensemble of downscaled fields. We also apply
the Kolmogorov-Smirnov test to these downscaled realiza-
tions, in the same fashion as in Section 7.1.1. In brief, the
results showed that the downscaled samples are normally
distributed, along the horizontal and vertical mid-sections of
the domain.

The sensitivity of the expected £2-error (A) to different
Ra numbers is then examined in Fig. 9. A is computed
using 50 downscaled realizations for each of Ra = 107,
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Time = 49.6
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Fig. 8 Snapshots of the reference temperature field along with the
difference between the CDAnet-downscaled temperature field and refer-
ence counterpart for different (o,ps, Oimoq) pairs. Noisy CDAnet models

10% and 107. Different CDAnet models that were compara-
bly trained for different Ra numbers were used for inference
with (0pbs, Omoa) = (0.01,0.025) and (S,7) = (2,2) to
produce the realizations. This configuration was selected to
minimize the impact of CDAnet’s representation errors and
to assess its sensitivity to Ra number. Moreover, this con-
figuration is the only common one between the Ra numbers
considered, as seen in [30], where at Ra = 107, the maximum
& achievable is 2 for both CDA and CDAnet for the compu-
tational mesh considered. The figure shows that A slightly
increases with increasing Ra numbers, where the plots indi-
cate a weak dependence on the Ra number, provided it lies
within the CDA guarantees for downscaling [2]. Therefore,
atrained CDAnet model is capable of downscaling flows at a
wide range of Ra numbers without compromising accuracy,
which adheres to the theoretical guarantees of CDA and the
determining form map.

x107
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Fig.9 Plot representing the variations in A with Ra. The values of A
are computed using 50 CDAnet predictions of the temperature fields.
(S, 7) = (2,2) and (0ps, Omoa) = (0.01, 0.025). The choice of S and
7 was made to ensure that representation errors are minimal
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were used to downscale an ensemble of noisy representation of a coarse-
scale reference trajectory with S = 4, 7= 4, and Ra = 10°

Similarly, the sensitivity of A to different S and 7 values
was examined, as shown in Fig. 10, by individually varying
S and 7. The CDAnet models were then used to generate 50
downscaled realizations with (o,ps, 01m0q) = (0.005, 0.005)
and Ra = 10°. Note that the CDAnet model parameters
were optimized for the specific S and 7 under considera-

%10
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2 3 4 5 6 7 8
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Fig. 10 Curves of A as a function of (a) S and (b) 7 for Ra = 107,
for (oobs, Omoa) = (0.005,0.005). In all cases, A is computed for 50
realizations of the downscaled solution
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Table 1 Temperature RRMSE values obtained during the CDAnet val-
idation for the cases when observational and model noises are present

during training

Omod
0 0.001 0.01 0.1
Oobs 0 0.01046 0.0105 0.0100 0.0112
0.001 0.00974 0.0114 0.0124 0.0117
0.01 0.00985 0.0115 0.0101 0.0123
0.1 0.01198 0.0097 0.0099 0.0122
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The results are herein presented for (S, 7) = (4, 4) and Ra = 10°

tion. A slightly increases with increased S, suggesting that
the average errors associated with an ensemble of CDAnet
downscaled fields exhibits a weak dependence on S, provided
that CDAnet could accurately downscale noise-free coarse
scale information at that resolution. This takeaway is differ-
ent than the results obtained for CDA, where A increases
quadratically with S [29]. On the other hand, a strong mono-
tonic dependence of A on 7is observed, with A increasing
quadratically with 7, which represents a stronger relation in
comparison to CDA’s linear dependence on 7 [29].

7.2 Perturbed training conditions

In a more general setting, training and validation data might
be noisy requiring the model to be trained with uncertainties.
In this section, both coarse-scale data and model parame-
ters are perturbed during training, such that the optimization
process is affected by noise. Specifically, observational and
model noise are sampled at the beginning of a training epoch
and added to the low-resolution inputs and model parame-
ters of CDAnet. The inputs were then propagated through
CDAnet resulting in a higher-resolution prediction, which
is used to optimize the network’s parameters. In particu-
lar, by perturbing the observational data and model weights,
the learned model is hypothesized to become more robust,
particularly less sensitive to perturbations [47, 62]. The per-
formance of CDAnet that is trained with observational and

10° ; .

<
_Aperfect training
- _Aperturbed training
10°5f -7 _c.o2 1
-~ . Tobs
103 10 107 10°
Uobs

Fig. 11 Curves of A as a function of o, are shown for different
o,ps When CDAnet was trained under perfect and perturbed conditions;
(S,7) = (4,4)and Ra = 10°. Note that C represents a positive constant
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Fig. 12 Boxplots for the temperature RRMSE for 50 downscaled fields
in the case of only model noise during evaluation. Here, CDAnet was
perturbed during training. Here, uncertainties were incorporated to
CDAnet’s training. During inference, the trained CDAnet model was
perturbed then employed to downscale a coarse-scale solution trajec-
tory with S =4, 7= 4, and Ra = 10°

model perturbations for different combinations of (S, 7, Ra)
is then assessed against different conditions of observational
and model noise during inference.

Table 1 lists the temperature RRMSE obtained during
CDAnet’s validation for different training observational and
model noise levels. Here, the considered noise levels corre-
spond to the cases of no, low, medium, and high noise levels.
The results show that the average validation RRMSE of the
CDAnet models trained using different noise levels are com-
parable, suggesting that the trained CDAnet model is weakly
sensitive to observational and model perturbations within the
considered range. The results analyzed in Sections (7.2.1)-
(7.2.3) correspond to the CDAnet model that was trained
with (04ps, Omoa) = (0.01, 0.01) (highlighted in bold font in
Table 1). This model was trained using the same procedure
as the one presented by [30], however, for the case presented
here with S = 7= 4 and Ra = 10°, the training parameters
adopted consist of a learning rate of 0.1, A = 0.01 and a
batch size of 20. CDAnet is then employed in an inference
setting to downscale a coarse-scale trajectory with different
observational and model noise levels.

103
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5L -7 _Aperturbed training| 4
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Fig. 13 Curves of A as a function of o,,,4 are shown for the different
o,ps When CDAnet was trained under perfect and perturbed conditions;
(S,7) = (4,4) and Ra = 10°
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7.2.1 Effect of observational noise

Similar to Section 7.1.1, the impact of o,,s on downscal-
ing coarse-scale inputs was analyzed by adding noise to the
inputs of the trained CDAnet without perturbing its param-
eters during inference. For each o,s, an ensemble of 50
downscaled realizations is generated using CDAnet using
50 coarse-scale noisy realizations of a reference solution tra-
jectory that was not present in the training nor validation
datasets. The boxplots of the temperature RRMSE for the
downscaled solutions corresponding to different o, indi-
cate that the estimates are flat for 0,5 < 0.01; however, for
larger 0,5, the RRMSE of the downscaled fields rapidly
increases with o,ps. Nevertheless, the variability remains
minor across all o,ps, where the standard deviation of the
RRMSE of 50 downscaled realizations remains small for all
oops- This suggests that the errors associated with CDAnet
predictions exhibit weak variability when only observational
errors are present, and similarly to the case of noise-free train-
ing conditions, the mean RRMSE increases, however all the
downscaled realizations collapse about a similar RRMSE.
Figure 11 plots the curves for A as a function of o,
for the case of perfect and perturbed training conditions, in
addition to the curves of their theoretical dependence [3].
The results show that A slowly increases for o,,; < 0.01
and o,ps < 0.025, in the cases of perfect and perturbed
training conditions, respectively. Furthermore, for o,5s <

0.025 and perfect training conditions, A is smaller than
that corresponding to the perturbed training conditions. This
behavior indicates that perturbations during training result
in an additional source of uncertainty. Finally, A increases
quadratically with o,y for o,ps > 0.01 and o,ps > 0.025
in the cases of perfect and perturbed training conditions,
respectively. This indicates that CDAnet and CDA experi-
ence similar dependency on o,ps [3, 29].

7.2.2 Effect of model noise

The impact of model noise on CDAnet downscaled fields
is assessed by downscaling an unperturbed coarse-scale tra-
jectory using different CDAnet model realizations, whose
parameters are perturbed during training and inference. This
is equivalent to analyzing a perturbed version of the lift-
ing function operating in a scenario where the coarse-scale
information is obtained from an imperfect numerical model.
Figure 12 presents the boxplots of the temperature RRMSE
values of 50 CDAnet-downscaled fields for different values
of 0,104 The figure shows that the mean RRMSE and its stan-
dard deviation increase with increasing o,,,4, Where unlike
the case involving only o,ps, the ensemble spread here is
considerable.

Figure 13 plots the curves for A as a function of 0,4
for the cases of perfect and perturbed training conditions

Table 2 Temperature RRMSE: (a) mean and (b) standard deviation for different combinations of o,ps and 6y,04

Omod
0.001 0.005 0.01 0.025 0.05 0.1
(a) Mean RRMSE
Oobs 0.001 0.014303290 0.015206472 0.017790065 0.030158020 0.054953226 0.106880534
0.0025 0.015844652 0.016664801 0.019054420 0.030930742 0.055383338 0.107099146
0.005 0.020339128 0.020987622 0.022944854 0.033514069 0.056883720 0.107874586
0.0075 0.026100557 0.026611799 0.028194535 0.037369142 0.059278722 0.109151615
0.01 0.032465007 0.032878419 0.034180114 0.042126072 0.062447359 0.11090924
0.025 0.074234259 0.074409680 0.074991312 0.078993776 0.091704671 0.129870645
0.05 0.146174941 0.146248200 0.146524344 0.148554830 0.155675900 0.181036527
0.1 0.290167078 0.290170259 0.290268487 0.291178685 0.294711592 0.308808656
(b) Standard Deviation
Oobs 0.000194 0.001003 0.002148 0.006019 0.012532 0.025527
0.000176 0.000917 0.002015 0.005881 0.012441 0.025478
0.000141 0.000736 0.001699 0.005468 0.012136 0.025305
0.000115 0.000592 0.001410 0.004961 0.011686 0.025027
0.0000996 0.000491 0.001186 0.004462 0.011150 0.024658
0.000085 0.000281 0.000637 0.002585 0.007968 0.021415
0.000131 0.000302 0.000583 0.001802 0.005305 0.016314
0.000241 0.000503 0.000920 0.002287 0.004991 0.012702

Noisy CDAnet models were used to downscale an ensemble of noisy representation of a coarse-scale reference trajectory with S = 4, 7= 4, and

Ra = 10°

@ Springer



_##H##_ Page 14 of 22

Computational Geosciences _#######H##H#####H#HHHAE

as well as the best fit curve. A increases slowly with 0,54
for 0,04 < 0.025 and 0,04 < 0.075 in the cases of
perfect and perturbed training conditions, respectively. For
omod < 0.075, A corresponding to perfect training condi-
tions is smaller than that with perturbed training conditions.
This indicates that when model errors are present during
training, additional uncertainties adversely impact the down-
scaling performance of CDAnet. The plots indicate that A
increases quadratically with 04 for oy,04 > 0.025 and
omod > 0.075 for the cases of perfect and perturbed training
conditions, respectively. This indicates that representation
errors are prominent for a wide range of 6y,04.

7.2.3 Effect of combined observational and model noise

Table 3 outlines the means and standard deviations of
the RRMSE values of 50 CDAnet-downscaled temperature
fields. Both the mean and standard deviation of the tempera-
ture RRMSE increase with increasing 0,04 and o,ps. Similar
to Table 2, the mean error is more sensitive to o,p, than to
Omod- On the other hand, the standard deviation of the error
is more sensitive to oy,,4. Furthermore, the values of the
means and standard deviations of the RRMSE of 50 CDAnet-
downscaled fields are larger than those obtained in the case of
perfect training conditions (Table 2). Although training with
observational and model noise yields CDAnet models with
RRMSE errors < 2%, these models appear to be more sensi-

tive to observational and model noise than those trained under
perfect training conditions due to a compounding effect.

7.3 Training with imperfect downscaled data

The performance of CDAnet models trained with imper-
fect datasets is investigated by first downscaling different
coarse-scale solution trajectories using CDA with additional
model errors incorporated to the downscaling. In particular,
30 different solution trajectories of the RB convection with
Ra = 10° are generated to serve as reference solutions train
CDAnet models. CDA was then employed to downscale a
coarse representation of each of these solution trajectories
with § = 4 and 7 = 4; however, when downscaling, Ra
was set to 1.3 x 10° resulting in imperfectly downscaled
solutions. During training, the PDE loss was computed with
Ra =13 x 106, i.e., the assumed Ra number. The results
are presented for S = 7 = 4, where CDAnet was trained
with a learning rate of 0.15, 2 = 0.01 and a batch size of 20
with the remaining training parameters held the same as in
[30]. The trained CDAnet models are then employed in the
inference stage, in the presence of observational and model
uncertainties, to downscale low-resolution solution trajecto-
ries of the RB convection at Ra numbers of 10% and 1.3 x 106,
which are the reference and modified Ra numbers of the flow
field. In this scenario, CDAnet was trained in the absence of
observational and model noise.

Table 3 Temperature RRMSE:

0,
f;‘e)vfzz“;‘; ‘}‘(‘)‘3 éti’gf:;‘;‘gf”d 0001 0.005 0.01 0.025 0.05 01
combinations of o, and q,m,d, (a) Mean RRMSE
for the case when observational
and model uncertainties were Oobs 0.001 0.044584 0.044728 0.04546 0.051092 0.068658 0.115356
incorporated during training 0.0025 0.045103 0.045247 0.045972 0.051555 0.069007 0.115563
0.005 0.046881 0.047022 0.047727 0.053146 0.070211 0.116281
0.0075 0.04966 0.049795 0.050469 0.055651 0.07214 0.11745
0.01 0.053263 0.05339 0.054025 0.058928 0.074718 0.119051
0.025 0.084621 0.08469 0.085097 0.088376 0.099764 0.136299
0.05 0.14893 0.148936 0.14913 0.15095 0.157867 0.183394
0.1 0.283994 0.283913 0.283917 0.284624 0.288066 0.302802
(b) Standard Deviation of RRMSE
Oobs 0.000401 0.001991 0.003893 0.008748 0.014615 0.024394
0.000396 0.001968 0.003853 0.00868 0.014554 0.024363
0.000381 0.001898 0.003722 0.008452 0.014346 0.024248
0.000359 0.001799 0.003539 0.008122 0.014025 0.024058
0.000336 0.00169 0.003334 0.007738 0.013623 0.023797
0.000235 0.001155 0.002304 0.005625 0.010915 0.021451
0.000217 0.000844 0.001678 0.004159 0.008384 0.017897
0.000305 0.000854 0.001672 0.004138 0.008216 0.016838

During inference, noisy CDAnet models were used to downscale an ensemble of noisy representation of a
coarse-scale reference trajectory with S =4, 7=4, and Ra = 10°
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Fig. 14 Curves of A as a function of o,ps are shown for both Ra
numbers. The results are presented for a CDAnet model trained with
imperfectly downscaled fields with (S, 7) = (4,4)

7.3.1 Effect of observational noise

The CDAnet trained using the imperfectly downscaled
dataset is first employed to downscale an ensemble of 50
noisy coarse-scale realizations of a reference RB solution at
Ra = 10° and 1.3 x 10°. The RRMSE boxplots of tem-
perature and velocity components are plotted for both Ra
numbers and presented in the Supplementary Material. The
boxplots indicate that the temperature and velocities RRM-
SEs both increase monotonically with o,5;. The RRMSE
of the downscaled velocity fields are comparable with those
obtained in the case when CDAnet was trained with uncer-
tainties (Section 7.2). On the other hand, the temperature
RRMSE has a larger amplitude in comparison to those
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Fig. 15 Boxplots of the (a, b) temperature and (c, d) horizontal veloc-
ity RRMSE of 50 CDAnet-downscaled realizations with Ra of (a, c)
106 and (b,d) 1.3 x 109, in the case of only model noise in CDAnet

Fig. 16 Curves of A as a function of o0,,,q are shown for both Ra
numbers. The results are presented for a CDAnet model trained with
imperfectly downscaled fields with (S, 7) = (4,4)

obtained in the previous two scenarios. For instance, when
oobs < 0.01, the temperature RRMSE values for both cases
are approximately 10%, whereas the RRMSE of the velocity
components is below 4% for Ra = 10° and approximately
13% for Ra = 1.3 x 10°. The results suggest that when only
observational noise is present during inference, training with
imperfect downscaled fields leads to errors that are compara-
ble to those obtained when training CDAnet in the presence
of observational and model perturbations.

Figure 14 shows the variation of A as a function of o,
for Ra numbers of 10% and 1.3 x 10°. A increases monotoni-
cally with o, with a similar behavior for both Ra numbers.
The plot shows that A quadratically increases with o, for
oobs > 0.05, whereas for smaller o,p;, the representation

T T
0.3 HE
w h E
0 0.2 E [
= 4
(4 .
['4 w i
. & -
0'17——- P % W

0.001 0.005 0.01 0.025 0.05 01 0.2 03

g
mod

(b) Ra = 1.3 x 10° - Temperature

T
i

10%F A
w T E’ .
2 =R
(4 _ E, :
10 : -
10 E ;
-
0.001 0.005 0.01 0.025 0.05 0.1 0.2 0.3
o
mod

(d) Ra = 1.3 x 10° - u-velocity

evaluation. In both cases, S = 4 and 7 = 4, where the CDAnet model
was trained with imperfectly downscaled fields
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errors are larger, as indicated by the plateau in A. These
results indicate that CDAnet’s training conditions impact the
level of its representation errors but does not affect the behav-
ior of A as a function of o,,s. Hence, CDAnet is able to
downscale coarse-scale observational data with a similar per-
formance across different Ra numbers in the deterministic
noise-free setting [30] and in the uncertain setting in the pres-
ence of observational noise.

7.3.2 Effect of model noise

Figure 15 illustrates boxplots of the RRMSE corresponding
to an ensemble of 50 downscaled temperature and u-velocity
fields on a log-scale. The RRMSE values for both variables
increase monotonically as o,,4 increases with a widening
distribution as oy,,4 increases. The downscaled temperature

Table4 Mean and standard

deviation of the temperature 8%‘611 0005 00T 0095 005 0T
RRMSE of 50
CDAnet-downscaled (a) Mean RRMSE - Ra = 10°
realizations, estimated with
Ra — 105 and 1.3 x 10°, for the  Oobs 0.001 0.078814  0.079076  0.079697  0.083418  0.094819  0.12957
case when CDAnet was trained 0.0025 0079365  0.079627  0.080244  0.083942  0.095283  0.129919
with imperfectly downscaled 0.005 0.081283 0.081539  0.082143 0.085761 0.096894  0.13112
fields 0.0075  0.084308  0.084555  0.085138  0.088633  0.099444  0.133025
0.01 0.08828 0.088517  0.089074  0.092416  0.102823  0.135575
0.025 0.124829  0.124996  0.125386  0.127745  0.135389  0.161621
0.05 0.204696  0.204796  0.20503 0.206458 0211212 0.228884
0.1 0382146 0382173  0.382271 0.382991 0.385588  0.39587
(b) Standard Deviation of RRMSE - Ra = 10°
Cobs 0.000162  0.000801 0.001582  0.003863  0.007741 0.016528
0.000164  0.000798  0.001575  0.003842  0.007705  0.016479
0.000165  0.000783  0.001543  0.003768  0.007585  0.016318
0.000164  0.00076 0.001495  0.003658  0.007404  0.016072
0.000165  0.000733  0.001439  0.003524  0.007177  0.015755
0.000174  0.00057 0.00109 0.00265 0.005523  0.013065
0.000204  0.000425  0.000761 0.001779  0.003621 0.008945
0.000287  0.000507  0.000888  0.002077  0.004027  0.008322
(c) Mean RRMSE - Ra = 1.3 x 10°
Cobs 0.090367  0.090528  0.090915  0.093212  0.100169  0.121875
0.090832  0.090992  0.091375  0.093651 0.100561 0.122181
0.092427  0.092581 0.092952  0.095158  0.101908  0.123238
0.094903  0.09505 0.095403  0.097509  0.104027  0.124918
0.098109  0.098249  0.098581 0.100576  0.106818  0.127164
0.126784  0.126883  0.127115  0.128533  0.133171 0.149638
0.190569  0.190626  0.190769  0.19167 0.194733 0206342
0335152 0335159 0335213 0.335682 0337489  0.344922
(d) Standard Deviation of RRMSE - Ra = 1.3 x 10°
Cobs 7.87E-05 0.00039 0.00079 0.002164  0.005069  0.012335
8.16E-05 0.000391 0.000789  0.002151 0.005041 0.012294
8.91E-05 0.000392  0.000785  0.002114  0.00495 0.012155
9.89E-05 0.000392  0.000777  0.002065  0.00482 0.011946
0.00011 0.000391 0.000766  0.00201 0.004667  0.011678
0.000164  0.000377  0.000691 0.00169 0.003721 0.009598
0.000237  0.000383  0.000626  0.0014 0.002814  0.006863
0.000339  0.00048 0.000767  0.001738  0.003377  0.006899

During inference, noisy CDAnet models were used to downscale an ensemble of noisy representation of a
coarse-scale reference trajectory with S =4 and 7= 4
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fields exhibit larger RRMSE values compared to those of
the velocity fields. Specifically, for o,,0¢4 < 0.05, the RRM-
SEs of the temperature fields remain below 10%, whereas
the RRMSE of the u-velocity is approximately half of those
values for the same o0,,4. Importantly, the error values are
comparable for both Ra numbers, indicating the generaliz-
ability of the CDAnet model in downscaling coarse-solution

trajectories belonging to nearby Ra numbers [30]. Here how-
ever, generalizability has two aspects, first the CDAnet’s
inference predictions result in comparable errors for solu-
tion trajectories with nearby Ra numbers, and second, the
resulting variance of the predictions are also comparable.
Figure 16 shows A as a function of o0y,,4 for the refer-
ence and assumed Ra numbers. A increases monotonically

Table5 Mean and standard deviation of the temperature RRMSE of 50 CDAnet-downscaled realizations, estimated with Ra = 10° and 1.3 x 10°,
for the case when CDAnet was trained with imperfectly downscaled fields

Omod
0.001 0.005 0.01 0.025 0.05 0.1
(a) Mean RRMSE - Ra = 10°
Oobs 0.001 0.078814 0.079076 0.079697 0.083418 0.094819 0.12957
0.0025 0.079365 0.079627 0.080244 0.083942 0.095283 0.129919
0.005 0.081283 0.081539 0.082143 0.085761 0.096894 0.13112
0.0075 0.084308 0.084555 0.085138 0.088633 0.099444 0.133025
0.01 0.08828 0.088517 0.089074 0.092416 0.102823 0.135575
0.025 0.124829 0.124996 0.125386 0.127745 0.135389 0.161621
0.05 0.204696 0.204796 0.20503 0.206458 0.211212 0.228884
0.1 0.382146 0.382173 0.382271 0.382991 0.385588 0.39587
(b) Standard Deviation of RRMSE - Ra = 10°
Oobs 7.87E-05 0.00039 0.00079 0.002164 0.005069 0.012335
8.16E-05 0.000391 0.000789 0.002151 0.005041 0.012294
8.91E-05 0.000392 0.000785 0.002114 0.00495 0.012155
9.89E-05 0.000392 0.000777 0.002065 0.00482 0.011946
0.00011 0.000391 0.000766 0.00201 0.004667 0.011678
0.000164 0.000377 0.000691 0.00169 0.003721 0.009598
0.000237 0.000383 0.000626 0.0014 0.002814 0.006863
0.000339 0.00048 0.000767 0.001738 0.003377 0.006899
(c) Mean RRMSE - Ra = 1.3 x 10°
Oobs 0.011919456 0.012755389 0.015099953 0.026116933 0.047902629 0.093287086
0.013710172 0.014447563 0.016566833 0.027012605 0.048402335 0.09354413
0.018732265 0.019283435 0.020939422 0.029958939 0.050135397 0.094453949
0.02493467 0.025350852 0.026641814 0.034254367 0.052871171 0.095946121
0.031633286 0.031959217 0.032994061 0.039443379 0.056442934 0.097988169
0.074480419 0.074597852 0.075023896 0.078073881 0.088094944 0.119418037
0.147611126 0.147634009 0.147804834 0.149256385 0.154646798 0.174664434
0.294361047 0.294302245 0.294302361 0.294796246 0.297247251 0.307952166
(d) Standard Deviation of RRMSE - Ra = 1.3 x 10°
Oobs 0.000626 0.003122 0.00675 0.020061 0.042568 0.086786
0.000436 0.002284 0.005386 0.018278 0.041205 0.085972
0.000259 0.001386 0.003591 0.014718 0.037543 0.083348
0.000202 0.000956 0.002586 0.011849 0.033507 0.079737
0.000203 0.00073 0.002 0.009761 0.0298 0.075699
0.000452 0.000638 0.001191 0.004828 0.016804 0.05395
0.000924 0.001268 0.002011 0.004895 0.012027 0.036466
0.001888 0.002656 0.004198 0.009469 0.018642 0.039134

During inference, noisy CDAnet models were used to downscale an ensemble of noisy representation of a coarse-scale reference trajectory with

S=4and 7=4
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with 0,04 and at a quadratic rate with 0,4 for oy,04 > 0.1.
In contrast, for smaller values of 0,,,4, the curves reach a
plateau, which is attributed to representation errors. These
results indicate that the errors of a well-trained CDAnet
model depend on 631 oq 1T the effect of the added noise
exceeds inherent representation errors. These results further
demonstrate that the CDAnet’s performance generalizes for
coarse-scale solution trajectories with different Ra numbers,
without needing to retrain the model, even in the case when
model errors are present. Furthermore, CDAnet exhibits a
similar dependence on the o,,,4 for all three training scenar-
1i0s considered.

7.3.3 Effect of combined observational and model noise

Tables 4 and 5 presents the means and standard deviations
of the temperature and u-velocity RRMSE values of 50
CDAnet-downscaled fields for both Ra numbers, respec-
tively. The mean RRMSE of both variables increases with
increasing o,ps and oy,,4; however, the standard deviation
increases at a faster rate with increasing o,,,4 than with
oobs- Although the mean temperature RRMSE values are
comparable for the two downscaled trajectories, the errors
corresponding to the solution trajectory with Ra = 10° are
slightly smaller than those corresponding to Ra = 1.3 x 10°.
The RRMSE values of the horizontal velocity are consider-
ably smaller than those obtained for the temperature fields,
indicating that the temperature field is more sensitive to per-
turbations than the velocities. These results indicate that a
CDAnet model trained with downscaled fields, and trained
with a Ra number not far from the true one, is able to gen-
eralize its performance to nearby Ra numbers achieving
acceptable downscaling errors when both observational and
model errors are involved. Furthermore, these results indi-
cate that CDAnet behaves similarly against o,ps and 0,04
regardless of the training conditions, however, the represen-
tation errors become larger the farther the training conditions
are from ideal underscoring the importance of the quality of
data when employing PI-DNNs for downscaling.

8 Conclusion

In this work, we investigated the performance of CDAnet
within an uncertain framework involving observational and
model noise by examining three different training scenar-
ios pertaining to idealized conditions, perturbed conditions,
and training with imperfectly downscaled data. CDAnet is a
physics informed deep neural network that acts as a surrogate
of the determining form map, which is a theoretical mapping

@ Springer

from the coarse data to its higher resolution counterpart. The
Rayleigh-Bénard convection paradigm was adopted to test
the performance of CDAnet in these scenarios.

In the first setting, CDAnet models were trained without
noise resulting in the “best” surrogate of the determining
form map, which enables a thorough comparison with theo-
retical guarantees from the literature [3]. During inference,
observational and model noise were incorporated to generate
different downscaled solution samples. The errors associated
with the downscaled fields of all solution variables increase
with increasing observational (o,ps) and model (07,04) noise
levels. However, the standard deviation of these errors is
negligible when only o, is considered. In contrast, when
only o0y,,,4 is considered, the standard deviation of the errors
increases with increasing o,,,4. When both observational
and model noises are considered, the mean errors of the
downscaled ensemble is more sensitive to o,ps than to 0,,04.
Furthermore, the ensemble standard deviation is more sensi-
tive to the increase in the 0,4 than in o, level distribution.

Within this idealized training setting, CDAnet was shown
to yield normally-distributed downscaled fields when the
input noise is sampled from a Gaussian distribution, behav-
ing similarly to CDA. The statistical analysis also shows that
the distribution of the downscaled fields’ errors are repre-
sented efficiently with small ensembles, where beyond 20
realizations, changes in the errors’ distribution are negligi-
ble with increasing sample size. The results also suggest that
A increases quadratically with 7, but has a much weaker
sensitivity to S and Ra, provided selection of these param-
eters satisfies conditions for convergence of downscaling or
existence of the lifting function [2, 21, 22]. The dependence
of A on S and 7 is different than that observed with CDA
[29], which indicates a quadratic and linear dependence,
respectively. Finally, the RRMSE of the ensemble averaged
downscaled field is always smaller than the RRMSE of the
individual downscaled solution fields, suggesting that it is
worthwhile employing CDAnet to generate a better estimate
of the downscaled solution by sampling noisy trajectories, as
is the case with CDA [29].

In the second scenario, observational and model noise
were incorporated during CDAnet’s training and inference.
The RRMSE of the downscaled fields increases with increas-
ing noise level, and that CDAnet displays a similar perfor-
mance to that exhibited for perfect training conditions with
an additional error. In particular, when only o, is consid-
ered, the RRMSE of all the different downscaled realizations
are identical to each other with a small spread similarly to
CDA, whereas the spread increases appreciably when 6,04
is considered. A exhibits a plateau for small o, and 0,04
due to representation errors, but behaves quadratically with
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noise level beyond a certain threshold. Furthermore, when
both o,ps and o0y, are considered, the spread of the down-
scaled RRMSE is more sensitive to the 0,4 than to the o,p;,
and the reversed relationship holds for the mean RRMSE.
Finally, the RRMSE values are generally larger in this set-
ting than those obtained under perfect training conditions,
suggesting that the network is insensitive to small perturba-
tions that are smaller than representation errors.

Finally, CDAnet models were trained using imperfect
data obtained by downscaling coarse-scale solution trajec-
tories using CDA with an incorrect Ra number specified
when downscaling; i.e. setting the incorrect viscosity to the
downscaling system. The trained CDAnet model was then
employed to downscale coarse-scale solution trajectories of
the Rayleigh-Bénard corresponding to the true and perturbed
Ra numbers. The errors are comparable for all the considered
combinations of 0,55 and 0,04, suggesting the generalizabil-
ity of a well-trained CDAnet model at downscaling flows
with different Ra numbers in an uncertain framework. More-
over, the errors exhibit a similar behavior in terms of the rate
of increase, spread, and functional dependence on the noise
level as the two previous cases. However, the error values
are larger because of the combined effect of the imperfectly
downscaled training data, imperfect PDE loss, and perturba-
tions involved during inference.

The results of this study demonstrate the effectiveness
of CDAnet at downscaling coarse-scale trajectories in an
uncertain setting, inclusive of model and observational noise.
Future work includes extending the current framework to
downscaling statistical distributions as opposed to individ-
ual realizations. In terms of practical applications, we will
focus on downscale realistic large-scale ocean and atmo-
spheric fields.

A Evaluation metrics

The performance of the CDAnet under observational and
model uncertainties was assessed using different error met-
rics. The downscaled fields were compared with the reference
solution obtained from the noise-free simulations performed
on fine mesh. The mean absolute error (MAE) between the
downscaled and reference solutions was computed as:

A

AE;(@t) = |1 f(x;0) — fxs DI, (10)

where f and f are generic components of the reference and
downscaled solutions, respectively. Similarly, the root mean

squared error (RMSE) is computed as:

A

RMSE (1) = || f(x;1) = f(x;0)]l2. (11)

The normalized ¢, error (RRMSE) was used to select the
best trained model [30] and is computed as:

RRMSE () = /&0 = F@inlla 1)

I1fGes D1l2

‘When an ensemble of downscaled solutions is considered,
the above-mentioned metrics were computed for individual
members of the ensemble, and the statistics of the resulting
distribution are consequently analyzed. In particular, as pro-
posed by [3], we considered the expected £>-error norm, A,
between downscaled and reference solutions, defined by

N 2
A<z>=EU (f(x;t)—f(x;t)) dx] (13)
Q

where [E is the average operator. Note that for CDA-
downscaled ensembles, A is proportional to the variance of
the observational noise ngbs [3], and this theoretical esti-
mate was computationally verified by [29]. Unless specified
otherwise and for the sake of brevity, the results presented
in this study focus on the temperature RRMSE values, and
the results corresponding to the velocity components and
different S, 7, and Ra number values are presented in the

Supplementary Material.
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