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Abstract

A Bayesian inference approach for inferring the source of marine pollution released from a moving source in an
uncertain flow field is proposed. A Markov Chain Monte Carlo (MCMC) algorithm is developed and applied for
inferring single and multiple release events from vessels moving at known velocity along a predefined path in the
Mediterranean Sea. The likelihood is based on a logistic regression cost function that measures the discrepancy
between the modeled spill distribution and a binary representation of the observed images. We assess the perfor-
mance of the proposed methodology using a synthetic release scenario employing realistic ocean currents to drive
a stochastic Lagrangian Particle Tracking (LPT) algorithm to generate a probabilistic representation of the spill
distribution. The MCMC algorithm employs an adaptive scheme to robustly ensure convergence and well-mixed
chains. The proposed Bayesian framework is tested by inferring the location, or injection time, and relative con-
tributions of single and multiple moving sources, contributing to separate and common observation patches, with
a focus on various scenarios that demonstrate the efficiency of our sampling algorithm. The performance of the
proposed framework was further assessed by comparing the model predictions with the most probable release
parameters predicted by a global optimization algorithm.

Keywords Uncertainty quantification - Bayesian inference - Source reconstruction - Stochastic flow field -
Moving sources - Marine pollution - Mediterranean sea

1 Introduction

Marine pollution poses a critical risk to living resources, human health and marine activities. Recent research
is primarily focused on marine oil, plastic and microplastic pollution, where these are considered as the major
hazards to the marine ecosystem [1]. For instance, Jambeck et al. [2] reports that millions of tons of plastic waste
enters the sea each year. Furthermore, microplastics have emerged as a hazardous marine pollutant, where because
of its small size (<5mm), it is able to interact with marine organisms, such as zooplankton and and phytoplankton
and make its way, in traces, up the food chain reaching the human diet [3, 4]. In addition, oil spills have posed a
threat to marine ecosystems worldwide with an average of 1.25 million tons of oil being released annually from
sea-based sources [5].

The Mediterranean Sea, hereafter referred to as MS, has one of the most densely populated coastlines, hosting
a range of activities including tourism, fishing, shipping and industrial applications, to name a few. It is also one
of the busiest waterways being responsible for approximately 15% of the global shipping activity [6], and offers a
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passageway for different types of ships, such as recreational, shipping and oil tankers [7]. Furthermore, since the
MS is a semi-enclosed basin with limited outflow of surface waters [8, 9], it is generally considered as a hotspot
for plastic pollution [10, 11]. Unfortunately, the MS has further experienced a number of catastrophic marine
pollution incidents, for instance, [12] report that 14 oil spill incidents have occurred in the Med between 1970 and
2016 resulting in a total of 10 tons of oil contaminating the sea. The largest oil spill incident occurred on April
11, 1991, when an explosion aboard the MT Haven tanker resulted in the spill of approximately 50,000 tonnes of
crude oil along the coast of Genoa, Italy.

Identifying the potential sources of marine pollution is crucial to contain the associated risk and mitigate its
consequences [13]. Furthermore, efficient identification of marine pollution sources is important to set policies
to take reasonable measures against potential culprits. Extensive studies have been conducted for the purpose of
determining quickly and accurately the probable sources of contaminants; e.g. [14]. This inverse problem, also
known as the Source Term Estimation (STE) problem, involves the identification of the source characteristics given
some set of observed or measured data [15, 16]. Two different approaches [17] have been proposed to tackle the
source reconstruction problem: the deterministic optimization approach that seeks obtaining a single optimized
solution for the inverse source reconstruction problem without taking into account the uncertainties associated
with the release event, and the stochastic Bayesian approach that yields a probabilistic representation of the source
parameters and quantifies the degree of plausibility of possible solutions.

STE problems are ill-posed, and have been applied in different contexts including the identification of sources
of pollutants in the atmosphere [18, 19], and land mines [20] to name a few. In oceanic settings, STE problems have
been generally tackled using backward in time integration methodology. For example, Mohtar et al. [21] examined
the identification of a single source location in the Red Sea in the presence of uncertain currents. Zodiatis et al.
[22] also relied on a backward integration machinery to infer multiple sources in a deterministic current field.
Furthermore, Hammoud et al. [23] investigated the identification of a single moving source in the MS using
backward integration in the presence of uncertainties.

Bayesian inference methodologies, however, were limited to parameter calibration of fixed sources, such as
location and strength in idealized settings. For instance, it was used in STE problems for determining the origin
and decay rate of a non-conservative scalar [24], parameters of a known single fixed source in a complex urban
environment [25], or known fixed release source scenarios in simplified source-detector configurations [26, 27].
Similarly, Xue et al. [28] adopted the Bayesian inference framework for source identification involving wind tunnel
experiments numerically simulated using large eddy simulations. On larger scales, Yee et al. [29] inferred single
fixed source parameters in a real world application problem, while Kopka and Wawrzynczak [30] investigated
several sampling algorithms to identify the model parameters of a single fixed source of atmospheric contaminants
in Copenhagen. Yee et al. [25] also inferred the parameters of a single fixed source on a European continental
level. In a related work, Kopka et al. [31] investigated a Bayesian methodology for the inference of the model
parameters of a mobile source releasing atmospheric contaminants over an 8 min period in a specific day in the
presence of a deterministic time-dependent wind field.

Considering uncertainties in the flow field is crucial for studying marine pollution as it helps model the unpre-
dictable dispersion and transport of pollutants, building confidence in the predictions of contamination pathways
[32]. Accounting for uncertainties enhances the reliability of risk assessments and informs effective mitigation
strategies, ensuring a comprehensive and resilient approach to addressing marine pollution challenges [33, 34].
In the context of particle tracking, uncertainties are generally considered in nonlinear processes pertaining to the
Lagrangian particle or the oceanic flow field [35-38]. Uncertainties in the flow field often stem from the imper-
fect descriptions of oceanic forcing, internal physics, and initial conditions [39, 40]. Flow field uncertainties are
commonly accounted for by advecting particles using an ensemble of flow field realizations, where at each time
step, an ensemble of velocity field realizations representing a finite set of potential scenarios are employed. This
strategy has been adopted in the context of atmospheric [40] and marine pollution [21, 23].

In this work, we introduce and implement a novel source reconstruction approach with an application to Marine
traffic in the MS in the presence of an uncertain velocity field. A new Bayesian inference methodology is also
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proposed, allowing the inference of the parameters of single and multiple release events due to a surface vessel
moving along a known pathway. The approach is based on introducing a likelihood function derived from infor-
mation theory to describe the discrepancy between observed images and model predictions. In addition, a new
MCMC sampling algorithm is proposed, which enables us to effectively build a posterior density and consequently
characterize the properties of the release event(s). The performance of the resulting algorithm is analyzed in both
simplified and realistic settings, and the predictions are contrasted with results obtained using a global optimization
algorithm.

The manuscript is organized as follows. Section 2 provides a description of the ensemble of ocean current fields
used in our numerical experiments. In Section 3 outlines the numerical model employed to track the evolution of the
released quantities. Section 4 presents the marine traffic database adopted to identify a high-density pathway along
which release events are chosen. We then present in details the proposed Bayesian inference algorithm, and discuss
key elements of its construction in Section 7, followed by the analysis of our numerical results and performance
of the resulting inversion algorithm in Section 8. Finally, main conclusions are summarized in Section 10.

2 Ocean current ensemble

To generate an uncertain flow field, an ensemble of realizations of the MS currents was generated using 30 years
of reanalysis fields from the Copernicus Marine Services (CMS). The CMS data assimilated reanalysis fields for
the basin covers the sea from 6°W to 36.25°E, 30.17°N to 45.9375°N and reaches a depth of 5334.65m below
sea level. We consider the time period between July 14 and August 12, which covers the period of the Jiyyeh
oil spill that occurred in 2006. The realizations are randomly sampled from a Gaussian distribution, A/, with a
covariance computed from the CMS fields over the period 1987-2016 and a mean ocean current equal to that of
the CMS reanalysis fields for that given day for the year 2006. The covariances of the CMS currents over the 30
years were computed using the a window of +1 day about the day of interest for a total of 90 realizations.

Following the procedure in [23], the small-scale features are filtered out using an Empirical Orthogonal Function
(EOF) strategy. Specifically, we only retain the first m dominant modes of the Empirical covariance, where m is
chosen to capture 95% of the empirical variability. The generation of the ensemble members of the flow fields
is achieved by taking a low-rank approximation of the covariance matrix as C = LL”. Each realization of the
longitudinal and latitudinal currents is then sampled as:

uld = ud’y + I:yid, )/id ~ N(()’ IMXM) (1)

where d and y are respectively the day and year of interest, M the number of eigendirections, i = 1,2, .-, N, is
the index of the realization, and N, is the ensemble size. Here, N, = 50, d € July 14 - August 12 and y = 2006.
The uncertain velocity field is represented on a grid as:

Ui(Xg,tq), ta=nTy, neN, i=1,..., N, 2)
where )?g are the grid coordinates, and the assimilation time, #,, is an integer multiple of the assimilation interval,
T,, taken to be 1 day. The indices i refer to the sampled realizations. The computational grid is uniformly spaced
horizontally with a resolution of 0.0625° x 0.0625°, and non-uniformly spaced vertically with 72 depth levels,
for a computational mesh of size 677 x 253 x 72 grid points.

3 Particle transport model

Given a known release source location and release time (Xs, fg), the forward map consists in identifying probable
locations of passive particles carried by the ensemble of velocity fields, u; (X, 7,). We denote by P (X, t; Xs, tg)
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the probability density at ¢+ > g generated by Lagrangian tracking of passive tracers, originating from release
sources located at X, and advected with an ensemble of flow fields. To this end, we employ the Lagrangian Particle
Tracking (LPT) method presented in [21]. This LPT relies on an efficient parallel implementation of a high-order
particle advection scheme. The method overcomes the challenge of exponential growth in the number of particles
which arise from considering all possible combinations of the different realizations belonging to the sequence of
ensembles. To this end, it incorporates an adaptive binning procedure that conserves the zeroth, first and second
moments of probability (total probability, mean position, and variance). The adaptive binning procedure offers a
trade-off between speed and accuracy by limiting the number of particles to a desired maximum. Although the
proposed framework can be applied to any transport model, we adopt a simple transport model that only accounts
for advection by the local velocities. As such, this model ignores the influence of other physical phenomena on
the transport of released particles.

4 Trajectories and source prior

The moving sources considered in this work are assumed to traverse a single trajectory in the MS. The path is
extracted from https://www.marinetraffic.com, a platform that provides density maps showcasing global vessel
traffic intensity [41]. The path studied here corresponds to the heaviest traffic of oil tankers in the MS starting at the
Suez Canal and ending at the Strait of Gibraltar, as illustrated by the automatic identification system. By varying
the opacity of the density map as shown in Fig. 1a, the path considered in this work and presented in Fig. 1b was
extracted by selecting its coordinates in locations of high density.

We consider a prior that consists of a set of discrete sources lying on a single trajectory. The trajectory is
discretized in N; segments. The segments are associated with pairs of release location and time: (x, t),,, m =
1, ..., Ny. We define the canonical set of events £* = {(x, t),,, m = 1, ..., Ny}, where N is the total number of
possible events.

Extension to the case of multiple trajectories along several paths is possible. In this case, the prior is based
on N, trajectories along N paths. Each trajectory 7 ,, k =1,..., Ny, p =1, ..., Ny is discretized in Ny ; p
segments. The segments are associated with pairs of release location and time: (x, 1) k., p,i =1, ..., Ny p. This
essentially allows us to invert for the release source location, initial release time and duration through the posterior
probability distribution. Introducing the single index m =i + > g<p Y 1<k Ns.1.4, the canonical set of events is
defined as &* = {(x, ), m = 1, ..., Ng}, where Ng = |E£*| is the total number of possible events.

5 Forward probability map

The prior £p for an observation at time rp includes all elements of £* satisfying 1, < to, i.e. Eo =
{(X,)m € E*, t,y < to}, which follows from the fact that release events that take place after the observation
time do not contribute to the observation. Given a release event, (X, t),, and an observation time, tp > t,,
the forward probability map, P (X, to; (X, 1)), is generated by applying the adaptive LPT method, described in
Section 3, in the time interval [f,,, o ]. This amounts to advecting passive tracers originating from (¥, t),, by the
finite ensemble if; (Xq, ), i = 1, ..., N,.

For each event belonging to £p, the LPT algorithm is used to compute the forward probability map that
characterizes the corresponding spill scenario. The advantage of this approach is that the forward maps of all the
individual release events can be generated independently and in parallel, making the associated computational
cost of the inference algorithm affordable. The forward map of any combination of release events (X, 1);,i € R,
R = {m1, m, ...}, can then be constructed as the weighted sum of the forward maps of the individual events

PE(¥.10) = Y wu P, to: (. m), 3)
meR
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Fig. 1 (a) Density map of marine traffic in the MS, obtained from https://www.marinetraffic.com [41]. (b) The selected path
of the ship in the MS. The path starts at the Suez Canal and ends in the Strait of Gibraltar; it is assumed to consist of five
straight segments, as illustrated

where wy, is the weight of release event m denoting the ratio of the pollutant amount released in event m to the
total amount released in the events i € R . In other words, letting Q;, i € R, denote the pollutant amount released
in event i, then
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The objective is to infer the set, Z, of discrete release events i € Z, (X,t); € o, together with the associated
weights, w;, contributing to a given observation.

6 Observations

The observations considered in this work are ideally satellite images of pollutant patches. Mapping such images to
the probability distributions obtained from the forward map is a challenge, because the former is an optical measure
of the pollutant spatial distribution in the form of intensity I (X, tp), X € Q¢, where Q¢ is the spatial observation
domain, whereas the latter is a probability distribution. To overcome this challenge, we map the intensity to a
scalar function Y, which we call the “indicator function” henceforth and define as follows:

Y%, to)=1 if I(X,t0) > I*,

0 otherwise,

With the definition above, a value Y = 1 indicates the presence of the pollutant, whereas ¥ = 0 indicates its
absence. The cutoff value of the intensity, /™, is chosen to be a small fraction of the maximum intensity. Note
that, in this work, we adopt a conservative cutoff where every grid cell with an intensity greater than /* = 1073
is accepted as potentially a pollutant. An example of the mapping from 7 to Y is shown Fig. 2-a to b.

7 Bayesian inference

Bayesian methods enable identification of model parameters, given limited noisy observations and some prior
knowledge on the parameters [42]. These approaches are based on Bayes’ rule

PMID) o L(D|M) P (M), &)

which expresses the posterior probability, P, of the model parameters, M, given the observations D and the
prior distribution, P, of the model parameters. The likelihood £(D|M) denotes the probability of recovering the
observations with the forward model given M as input. For our problem, the model parameters M to be inferred are
the set, Z, of discrete release events i € Z, (X, t); € £p, together with the associated weights, w;. The observations
D are represented by the observation function Y (X, 7¢) defined in Section 6. The prior £* is the collection of possible
release events, which are all treated as equi-probable. For each possible release event belonging to the prior, the
forward map is constructed using the stochastic LPT algorithm, as described in Section 5. The algorithm caps the
number of particles at a maximum of 107 and uses an advection time step that is equal to 3 hours. These values,
informed by studies reported in [21], offer a trade off between the computational cost and accuracy.

In the case of complex high-dimensional models, the posterior PDF is high dimensional and is commonly
not analytically tractable. In this case, the posterior distribution is numerically estimated by adequately sampling
over the model parameters space, generally using a Markov Chain Monte Carlo (MCMC) method, [43]. MCMC
algorithms start with an initial guess of the model parameters. Randomly generated samples of the model parameters
are then either accepted or rejected based on some acceptance criterion. The accepted samples, generated from
a Markov chain whose distribution will eventually tend, asymptotically with the number of accepted samples, to
the desired posterior distribution.

In the remainder of this section, we first define the likelihood and introduce a cost function that is suitable for
contrasting the output of the LPT model with the observation field. We then outline an MCMC sampling algorithm
that we use to simulate the posterior.
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Fig. 2 (a) Simulated image of a pollutant patch. (b) Observation function discretized on a rectangular grid containing the
observation patch. (c¢) Forward probability map of release event denoted by filled black circle. (d) Sets ) and Z of the
observation grid cells and the forward probability map are used to calculate the cost function measuring the distance between
the observation and model output

7.1 Likelihood

For a realization of the model parameters, the likelihood measures how close the model prediction is to the
observation(s). In Section 6, we expressed the observations in terms of the “indicator function”, Y, to render them
compatible with the model output, expressed in terms of the forward probability map, presented in Section 5.

In order to compute the distance between the observation function and the forward map, the observation function
is discretized on a rectangular grid as shown in Fig. 2-b. The extension of this rectangular domain from a tight-fit
rectangle is denoted by B. Note that unless otherwise specified, we use B = 0, associated with the smallest number
of cells with Y = 0, will be used in the numerical experiments. We denote by ) the set of all grid cells i in the
rectangular domain 2o for which Y (é) = 1, where §,~ is the position vector of cell i. Similarly, we denote by Z
as the set of all grid cells j in the rectangular domain €2 for which Y (;? ) =0.

The distance between the observation (e.g. Fig. 2-b) and model output (e.g. Fig. 2-c) is measured using the
binary cross-entropy loss function [44], which is the basis of the standard loss function for logistic regression in
classification problems in machine learning applications [45, 46].

Given the observation Y (X, tp), a model realization corresponding to the events [ € S, (X,1);, € £p and
associated weights wy, the cost function is expressed as

JOM) = — Zlog (Z wlP(Ei, toci (x, t)l)) _ Zlog <1 _ Zle) ’ (6)

iey leS jez leS

where P(g, to; (X, 1)) is the forward probability at a observation grid point g? and observation time to due to
release event (X, t);.
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The scaling coefficient, C, is determined so that the integral of the scaled probability over the forward probability
map domain, €2, is equal to the integral of the observation function Y over the observation patch domain, ¢, (see
Fig. 2-d) i.e.

Z/ ledA=/ Y. 10)dA. 7

les 7 o

Noting that the integral on the right is the fraction of the observation area for which ¥ = 1, and upon using the
observation grid as a subset of the grid discretizing €2, C can be numerically approximated as

1 Yoo .
Cx = i) P, to; G.00), )

leS j=1

where Ny is the number of cells in ) and Ng is the number of grid cells discretizing 2. Note that only cells with
non-zero probability need to be included in the inner summation.

Using the cost function defined in Eq. 6, we model the likelihood probability as an exponentially decaying
function of the distance between the observation and model output [24], expressed as

€))

(s)
LDIM) = exp (—%) ,

where A is a hyperparameter that is adaptively tuned to enhance convergence of the MCMC sampling algorithm.
Intuitively, one would expect that the performance of the algorithm would peak whenever A scales with the range
of the cost function. The impact of a suitable initialization of the hyperparameter is assessed in light of numerical
experiments presented below.

We finally point out the crucial role that the relative weights play in dealing with scenarios involving multiple
release events, particularly in guiding the MCMC sampling algorithm (presented in Section 7.2) towards lower
values of the cost function. In the MCMC algorithm, any sampled release event along the path of the moving
source that is not contributing to the observed patch will end up with a relative weight of zero. This effectively
endows the proposed inference methodology with the ability to infer the number of sources, in addition to their
location and relative weights. As a result, one does not require sophisticated techniques, such as the reversible
jump MCMC algorithm in [47] or with a simulated annealing strategy in [48]. Instead, we employ simpler yet
efficient strategies in the sampling process, as described next.

7.2 The sampling algorithm

In order to infer for the probable release events contributing to the observations, as well as their relative con-
tributions, an accept-reject sampling algorithm is introduced. The latter is implemented in a similar way to the
Metropolis Hastings algorithm ([49-51]), and aims to determine the distribution of the vector of sampled model
parameters, M, which consists of the set of sampled events S and corresponding sampled weights wy, [ € S. This
is provided in the form of N, parallel and independent chains of accepted samples, M), M® | ... To ensure
that the acceptance ratio (AR) is within the desired range, the algorithm updates a hyperparameter A every M
samples, where M is an input to the algorithm. Once the AR criterion is satisfied, the algorithm uses only the last
M, samples of each of the N, chains for inference statistics.

To construct the chain, the sampling algorithm explores random jumps in the space of model parameters. Unlike
conventional MCMC algorithms that generally perturb all components of the parameter vector, the presently-
introduced algorithm samples one component of M in each jump. This approach avoids the obvious difficulty of
defining suitable proposal distributions in the multi-dimensional parameter space, which may lead to rejection of
a large proportion of proposed samples and/or poorly mixed chains To define the jumps in individual parameters,
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normal proposal distributions are used, with standard deviation o, when the events are sampled and standard
deviation o, when the weights are sampled. Note that the vector of relative weights is normalized so that its /;
norm is always equal to one. Also, in case the proposed model parameters fall outside their respective ranges, we
resample until the proposed parameter vector becomes admissible.

At any position M) in the chain, the proposed sampling algorithm is used to generate new values of the model
parameters. To decide whether a proposal is accepted or not, we (i) evaluate the likelihood ratio

_J(D|M(p))
Ac=4_ " 10
T IOM©) (10)
e *

(i1) randomly draw a scalar, «, from a uniform distribution over [0, 1], and (iii) test whether AC > «. In this
case, the proposal is accepted, i.e. M?) is included as a new sample in the chain; otherwise, a new proposal is
made and the process is repeated. The iterations are carried out until the number of accepted samples in a given
chain reaches the preset value, and the number chains is chosen to be sufficiently large to ensure a convergence
and well-fixed conditions. Note that as further discussed below, during the iterations we adapt the values of the
hyperpameter A and the standard deviation o, of the events’ proposal distribution. This is performed in order to
enhance the efficiency of the algorithm and to ensure a well-mixed chain.

7.2.1 The hyperparameter A

To illustrate the impact of A on the behavior of the algorithm, we consider an inference problem involving two
distinct release events, specified as Experiment 2 in Table 1. Figure 3 shows profiles of the cost function plotted
against accepted samples, for different fixed values of A. It can be seen from Fig. 3a that when the hyperparameter
A is large (A = 500), the cost function of the accepted samples in the MCMC chain undergoes abrupt changes and
is biased to high values. For small 1 = 1, Fig. 3b shows that the cost function fluctuates around the minimum value
with no significant changes (the highest encountered difference in the cost function of the consecutive samples is
around 8). This indicates the need for an optimum value of A (in this case, A = 15) that yields relatively significant
changes in the cost function of the accepted samples, as illustrated in Fig. 3¢, without causing the algorithm to
bias the cost function to regions of high or low values.

To ensure that the value of A remains in a suitable range, an adaptive algorithm is used, based on monitoring the
acceptance rate, AR, of the samples generated by the MCMC algorithm. Algorithm 1 adapts the value of A every
M, samples as follows. If the AR is less than 30%, A is increased by a factor [, > 1 to increase the acceptance rate
of samples. On the other hand, if the AR is greater than 50%, A is decreased by a factor 1/u;,, where u; < 1. The
values of the fixed parameters /, and u, are specified by the user. The adaptation of the value of A keeps the AR
in the desired range, as depicted in Fig. 4 which shows the values of A adapted every M, samples for Experiment
3 in Table 1 along with the corresponding AR for one of the (parallel) chains.

7.2.2 The standard deviations

Mixing of the chains is enhanced by adapting the standard deviation of the proposal distribution of the event indices,
0., according to the autocovariances at lag 0, sél), of the sequences of sampled events indices for release events
[ € §. The autocovariance is computed for sequences of M, samples of indicesi = (k—1)M,+1,...,kM,, k =
1,2, ..., where M, is an input to the algorithm. For each chain, Algorithm 2 starts with a large value of o, to allow
for big jumps in the sample event indices, which enables the algorithm to efficiently explore the event space. The
value of o, is updated every M,, samples as follows. If the autocovariance is zero, then the chain of the samples has
been locked on a sample event for the past M, samples, and the algorithm is not accepting new model parameters.
This is because sampling with a large value of o, introduces sample events far from the set of contributing events,
and as such these events will be rejected, which locks the chain and negatively impacts the mixing of the Markov
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Table 1 .Parameters of the Experiment | 5 3 4
observations patches
(described in Section 8.2) Observations patches
and the MCMC and No. of sources 2 2 1 4
sampling algorithms Obs. type OP1 OP1 opP2 oP2
(Algorithms 1 and 2) used 1, gices of events 300, 400 549, 599 349 — 353 200 — 203
in the experiments sequences 349 — 353
668 — 671
799 — 802
Release times 9.222,9.917 8.188, 7.840 9.549 — 9.576 10.590 — 10.611
(days) 9.549 — 9.576
7.340 — 7.361
6.431 — 6.451
Figures 6,7,8 9,10, 11 12,13, 14
Sampling algorithm
NChains 5 5 5 5
u;, 0.5 0.5 0.1 0.5
I 2 2 2 2
M 10000 10000 10000 10000
M, 100 50 10 50
fo 0.7 0.7 0.7 0.3
burn-in no.
of samples 1000 1000 1000 1000
Inferred events
7+ 1 std. [299, 307] [544, 546] [345, 354] [201, 206]
[392, 393] [595, 596] [347, 352]
[665, 672]
[795, 800]
Tgs 302, 393 544,595 349 205
349
670
798

Indices of the most probable inferred events are also listed along with the those within one standard deviation
from the mean of the marginal posterior event index distribution

chain. To unlock the chain and improve mixing, o, is decreased by a factor 1/ f,;, where f, < 1 is specified by the
user, as presented in Algorithm 2. An example is shown in Fig. 5, where the value of o,, adapted every M,, = 100
samples, is plotted against the sample index over one of the parallel chains for Experiment 3 listed in Table 1.

Algorithm 1 Pseudocode of the MCMC algorithm.

1: Run Nchains (¢ = 1, s Nchains)

2: Initialize M@ (c) = [ 1(0) réo), o [(\?), w}o) wéo), . (0)] (c) and M
3: Set (00 (¢), oV (¢))

4: Set AV, up(< 1), and (> 1)

5: while ARy < 0.3 0or ARy > 0.5 do

6: MM (), AR] = SampleM©(¢), My, 0.V (), oV (c) , 1O () > Alg. 2
7: if AR < 0.3 then

8: 20y = 00 ¢)

9: end if

10:  if AR > 0.5 then

11: 29 = ua@(c)

12: end if

13: end while
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Fig. 3 Effect of A on the sampling algorithm. Plotted are chains of the cost function for (a) A = 500, (b) A = 1, and (c)
A = 15. The dashed line corresponds to the minimum encountered value of the cost function

In preliminary experiments (not shown), we briefly analyzed the impact of the standard deviation of the relative
weights, oy, on the behavior of the sampling algorithm. The results suggest that oy, does not have a significant
impact on the behavior of the algorithm, so long as a reasonable value, in the range [0.1, 0.9], is selected.
Consequently, o, was not adapted by the sampling algorithm.

7.2.3 Input and initialization
The input to Algorithm 1 includes the observation function, Y (X, tp), the prior, £*, the stochastic velocity map

Eq. 2, and N(S), defined as the number of events contributing to the observations. Also provided as input are (i)
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Fig. 4 The solid line is a plot of the values of A adapted every My = 10000 samples. The dashed line shows how the %
acceptance ratio approaches the desired range as X is adapted. Adaptation is performed using Algorithm 1 and the curves are
generated using results of Experiment 3 from Table 1

the number of parallel chains N, (ii) the initial guess the vector of the model parameters M), randomly sampled
from the uniform distributions over the corresponding ranges, (iii) the initial value A?) of the hyperparameter A
and its adaptation parameter M, and factors u; and /,, (iv) the initial value 06(0) of the standard deviation o, and
its adaptation parameters M, and f,, and (v) the standard deviation o,.

8 Experimental setup

We explore the performance of the proposed algorithm in inferring the release events based on observations
arising form the single and multiple sources described in Experiments 1-4 in Table 1. Probable locations of passive
particles originating from these sources, and carried by the ensemble velocity field described in Section 2 using
the transport model of Section 3, are determined using the LPT algorithm described in Section 5. Table 1 also
provides the sampling algorithm parameters for all cases considered.

70 T T T T T T T T T

60

50 1

© 40 1

30 .

201 1

1 1 1
OO 2000

4000 6000 8000 10000

Sample Index

Fig.5 Plot of the values of o, adapted every M, = 100 samples. Adaptation is performed using Algorithm 2 and the curves
are generated using results of Experiment 3 from Table 1

) Springer Computational Geosciences (2025) 29:18


https://doi.org/10.1007/s10596-025-10350-0

https://doi.org/10.1007/510596-025-10350-0 Page130f25 18

Algorithm 2 Pseudocode of the sampling subroutine.

1: MM AR] = Sample(M'™, M, 0., oy, A)
2:qg=0

3- M(a) — M(in)

4: Set f5 (< 1)and M,
5: for i=1to My do

6: ford=11to2N; do
7

8

9

M® = M@
if 1 <d < N; then
. Sample M) (d) ~ N (MY (d), o)
10: end if

11: if Ny <d < 2N, then
12: Sample M) (d) ~ N(MD(d), o,)
13: end if
14: Sample again or Reflect when out of range
15: Calculate JM") and JM“) > Eq. 6
16: Sample o ~ U(0, 1)
)
17: if EJ(TI\W) > « then
18: eq <:Aq +1 > increment the number of accepted samples
19: M@ =M©®
20: end if
21:  end for
22: if mod (i, M,) == 0 then
23: Calculate s(()l) forle S > autocovariance at lag 0
24: if any s(()l) is zero then
25: > update the standard deviation of the event index proposal distribution
26: 0o & f50,
27: end if
28:  endif
29: AR = 2Nf—MS
30: end for

The trajectory of the probable moving sources is described next, together with its representation as a set of
discrete events, which leads to the specification of the discrete prior. This is followed by a description of the
synthetic observation patches, used for validation and testing.

8.1 Trajectory

A single trajectory is considered in the experiments. The ship path, selected based on the criterion stated in
Section 4 and shown in Fig. 1b, is composed of 5 stages. The ship leaves the Suez Canal on July 19, 2006, taken to
be respectively the reference position and reference time. The ship travels for 7 days in the MS and reaches the Strait
of Gibraltar on July 26, 2006, i.e. 17 days prior to the observation time, which is August 12, 2006. The trajectory
is divided into Ny = 1037 segments of equal length, As, chosen to be equal 4km, which is of the same order as the
longitude-latitude grid size; the scale at which the velocity field is resolved. The number of events in the prior £* is
then Ng = N, = 1037. The locations along the trajectory of release events (x, 1),,, m =0, ..., Ng — 1 belonging
to £* are the midpoints of the segments m along the trajectory, so that X, = X,;,_1 + %(fm + Sm—1),m > 0 and
Xo = %&), where §,, is the unit vector along trajectory segment m. The release time is t,, = (m + %) At, where
At is time separating two consecutive events on the trajectory. As such, At is equal to the time it takes a ship to
traverse a distance As. The ship speed is set to Vi = 24 km/hr, which is within the range of typical oil tanker
speeds (12-15 knots), so that A¢ = 10 minutes.
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Because a single trajectory is considered, the location and time of a release event are one to one, given that the
velocity is known, which is typically the case when AIS data is available. The model parameters are therefore the
locations (or times) of the release events and their corresponding relative spill contributions.

8.2 Observations

For the considered experiments listed in Table 1, we use synthetic observation patches that originated from one
or more sources, where each source comprises a set of consecutive release events. The observation patches are
constructed in one of the following two ways:

e Using the probability maps (OP1):
To validate the implementation of the proposed MCMC algorithm, Experiments 1 and 2, listed in Table 1,
employ observations constructed using the probability maps obtained from the forward LPT of pre-specified
release events in the ensemble flow field. If these maps intersect, an observation patch can be synthesized in
the intersection zone, which allows us to assess the performance of the algorithm in inferring probable release
events from different sources that contribute to a single observation patch. Experiments 1 and 2 of Table 1 are
designed to validate the proposed algorithm in a double source inference problem. For each experiment, the
Y = 1 observations belong to the intersection zone of the two probability maps originating from two distinct
sources, where each source comprises a single release event, as shown in Fig. 6 for experiment 2.
e Deterministic simulation using the mean of the stochastic velocity field (OP2):

In this case, the observation patch is constructed from the scalar distribution generated by the forward advection-
diffusion problem of particles emitted in pre-specified release events. The particles are advected by the mean
of the stochastic velocity field and diffusion is modeled using the core spreading method [52, 53]. Observation
patches generated in this manner are used in Experiments 3 and 4, listed in Table 1, to explore the performance
of the proposed algorithm in realistic spill events from single and multiple sources where the advection flow
field is uncertain. In Experiment 3, the algorithm was applied to the single source inference problem, where the
observation patch, shown in Fig. 9-a, was generated for release events 349 to 353. Experiment 4 is tailored to
assess the robustness of the Algorithm in the inference of four sources contributing to four separate observation
patches generated using the OP2 method. The four sources comprise respectively the following sequences of
release events: 200 to 203, 349 to 353, 668 to 671, and 799 to 802. Note that the ¥ = 0 observations, shown
in Fig. 12, are within a B = 0 outside the patches. As mentioned earlier, the observation is made on August
12, 2006, i.e. the observation time tp = 29 days.
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Fig.6 The observation patch, with B = 0, due to events 300 and 400 in Experiment 1, generated using the OP1 method. The
patch, bound by the shown rectangle, is a subset of the intersection between the forward probability maps of the two events
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9 Results and discussion

This section analyzes the behavior of the proposed MCMC and sampling algorithms (Algorithms 1 and 2) and
assesses their performance based on the experiments listed in Table 1. As stated earlier, Experiment 1 and 2
were constructed to validate the proposed inference algorithm and its implementation, while Experiments 3 and 4
showcase the performance of the proposed algorithm in a realistic setting. For each case, we use the Algorithm 1
to determine the posterior distribution of the events indices and their relative weights. In all cases, we see that the
algorithm quickly reaches stationary distributions with well-mixed chains. To verify the quality of the inference,
we compare the most probable model parameters inferred by the MCMC algorithm with those obtained by solving
the optimization problem of minimizing the cost function in Eq. 6. The “Global Search” optimization solver in
MATLAB is used for this purpose. The most probable event indices predicted by the MCMC and the optimal
indices obtained from global search algorithm are respectively presented in the last two rows (7 = 1 std. and rgy)
of Table 1, which also provides the selected parameters for the sampling algorithm.

9.1 Validation of the algorithm

For Experiment 1 of Table 1, the observation patch generated using OP1 from events 300 and 400 is shown in
Fig. 6. The patch is arbitrarily selected to lie within the intersection region of the forward probability maps of the
two events, and bound as illustrated. Figure 7a shows the joint densities of the two events indices (left) and their
weights (right). Samples from the MCMC chains are used for the purpose of constructing these densities. Also
note that for clarity and consistency of the presentation, we have adopted the convention that source 1 is associated
with highest indexed events, followed by source 2, and so on as applicable. For source 1, the marginal posteriors
of the event index and weight are plotted in Fig. 7b-left and 7b-right, respectively. Similar plots for source 2 are
shown in Fig. 7c. According to the results presented in Fig. 7, the inferred events indices are 393 and 301 and
the respective inferred weights are 0.7 and 0.28. Furthermore, the plots suggest that the solution for source 1 is
more uncertain than that of source 2, as indicated by the wider distribution of the first. This might be attributed to
a strong correlation between the true release events of source 1 and nearby events, which is lacking in the case of
source 2. The actual events indices contributing to the observation patch are 400 and 300. Note that the posterior
distributions are not perfectly Gaussian, which may be attributed to the highly nonlinear forward model, and the
selection of prior distribution and likelihood functions. Figure 8 shows the forward maps of the highest posterior
probable events, with the inset figure showing the forward map of the combination of the two events, Pg, in the
observation domain 2p. The similarity with the observation patch can be inspected by comparing Fig. 8 with
Fig. 6.

Application of our methodology to Experiment 2 led to observations that are similar to those drawn from the
analysis of the computational results of Experiment 1. Consequently, we omit a detailed discussion of the results
on Experiment 2, but still provide in Table 1 the inferred probable sources. Note that in this example one still
observes concentrated posterior distributions, but unlike Experiment 1 a small bias towards lower indexed events is
clearly seen. On the other hand, the most probable sources obtained by the Bayesian algorithm are still consistent
with the global optimization results. This suggests that the bias observed in both approaches is likely due to the
partial observation of a patch generated by different sources.

For completeness, we mention the computational costs required by the present machinery. The numerical
forward model was developed in Fortran 90 and is fully parallelized using openMP. The codes were run on a
standard office workstation, with an Intel Xeon E5-2680 v4 2.4 GHz Fourteen-Core (28 threads) LGA 2011-3
Processor with 64 Gb RAM. Each forward run takes around 4 hours, and additional details about the computational
cost of the LPT algorithm can be found in [21]. The Bayesian inference codes were written in Python, and this
validation experiment inverting for a single source using 10000 samples takes around 30 minutes per chain.
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(c) Marginal posterior distributions of the event index (left) and weight (right) for source 2
in Experiment 1.

Fig. 7 Posterior distribution of the source parameters in Experiment 1. Indices of the inferred events are marked by the
vertical dashed lines

9.2 Inference of single and multiple sources in a realistic setting

For Experiment 3 of Table 1, Fig. 9a presents the observation patch generated using OP2 from events 349 —353. To
investigate the impact of the box extension on the cost function, Fig. 9b shows the dependence of the cost function
on the event index for different values of B. For each event, the LPT algorithm is employed to generate the forward
probability map, which, along with the observation patch, is used to compute the cost function according to Eq. 6,
It can be observed that the event index that minimizes the cost function is largely insensitive to the value of B over
the range 0 - 5 Wo, where Wy is the width of the rectangle tightly fitting the observation patch, shown in Fig. 9a.

Figure 10a shows that the chain resulting from the MCMC algorithm, using the parameters listed in Table 1, is
well mixed and convergent, as a result of adaptation of A and o,. Figure 10b plots the marginal posterior probability
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Fig. 8 Forward probability maps of the combination of events with maximum posterior probability, for Experiment 1

density of the event indices. The histogram shows that the event index with maximum posterior probability density
(MAP) is 349, which matches that predicted using the global optimization algorithm (represented using a red dashed
line). Events indices within one standard deviation away from the mean lie in the range [345, 354] (shown in Table 1
for Experiment 1), indicating that the probability of predicting the event index to be within this range is around
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Fig. 9 (a) The observation patch, with B = 0, due to events 349 — 353 in Experiment 3, generated using the OP2 method.
(b) Cost function versus event index. Curves are generated for different values of B as indicated
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Fig. 10 Event index chain (a) and marginal posterior event index distribution (b) for Experiment 3. The observation patch is
generated from release events 349-353. The index of the inferred event is marked by the dashed line

68%. Note that the predicted solution with highest posterior probability matches the true release event and that
most of the remaining predictions sampled by the algorithm fall within £7 events.

Figure 11 overlays the observation patch on top of the forward map of the event index with highest posterior
probability. The figure shows that the observation patch lies inside the high probability region of the pushed
forward MAP. This provides further confidence in the quality of the inferred solution.

Fig. 11 Observation patch
(Fig. 9a) overlaid on the
forward probability map of
the event of maximum
posterior probability, for N Sardinia
Experiment 3 Palma

Spain

Tunisia

Algeria
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Fig. 12 The observation domain in Experiment 4 contains four separate observation patches, generated using the OP2 method
with B = 0, due to event sequences 200 — 203 (a), 349 — 353 (b), 668 — 671 (c), and 799 — 802 (d), respectively
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(a) Marginal posterior event index (left) and weight (right) distributions for source 1.
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Fig. 13 Posterior distributions of the source parameters in Experiment 4. Indices of the inferred events are marked by the
vertical dashed lines
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Fig. 13 continued

In Experiment 4, we employ the algorithm to infer 4 events contributing to 4 separate observation patches,
shown in Fig. 12. The number of sources to be inferred is set to be equal to the number of observations patches
(i.e. 4), and, as such, is not a result of the inference procedure. Note, however, that if a smaller number is preset,
the inference procedure will converge to a subset of the contributing sources. If, on the other hand, a larger number
is selected, the four contributing sources will be inferred with positive weights, and the algorithm will assign
negligible weights to the remaining sources. The computational cost of the algorithm increases with the number
of number of sources to be inferred. Thus, one would generally aim to limit the number of sources to be inferred
to be at most slightly larger than the number of observation patches.

Also note that in Experiment 4, the patches, generated using the OP2 method, originate from the sources con-
sisting of the following sequences of event indices: 200-203, 349-353, 668-671, and 799-802. The corresponding
release times (#,,) are shown in Table 1. The posterior probability density functions of the events indices and
weights are plotted in Fig. 13a-d. The events with maximum posterior probability are respectively 205, 349, 664,
and 798. The corresponding ranges of indices within 1 standard deviation from the mean are 201-206, 347-352,
665-672, and 795-800. Note that this experiment highlights the potential of Bayesian inversion for STE, where by
fine tuning the Bayesian inversion machinery, the more complicated problem of inverting for 4 different release
events may be solved with reasonable accuracy, such that the predictions are within approximately 10 release
events from the reference solution. Figure 14 shows the observation patches of Fig. 12 overlaid on the forward
maps of the events with indices and weights of highest posterior probability. The figure shows that each observation
patch is, spatially, a subset of the high probability region of corresponding the forward map. This illustrates the
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Fig. 14 Observation patches of Fig. 12 overlaid on the corresponding forward probability maps of the events of maximum
posterior probability, for Experiment 4

ability of the proposed inference machinery to identify the sources of multiple patches that are well separated, and
that originated by spills occurring a different times prior to the observation.

10 Conclusions

We proposed an efficient Bayesian inference framework for the identification of the release locations, release
times, and relative weights of moving sources of passive tracers contributing to single and multiple observation
patches in a stochastic flow field. The framework is based on an adaptive MCMC sampling algorithm where the
prior consists of a finite set of possible release events discretizing preset trajectories. The likelihood is a function
of the weighted sum of the probability maps generated by the Lagrangian Particle Tracking, in a stochastic flow
field, of passive tracers emitted by the sampled events. To alleviate the cost of computing the forward probability
map associated with the sampled events, we adopted a Green’s function approach whereby the forward probability
maps of all the events belonging to the prior are generated individually, once and for all, in a preprocessing step and
stored. The maps of the sampled events are then queried and used by the MCMC algorithm. The latter evaluates
proposals based on a likelihood that employs logistic regression cost function that quantifies the distance between
the observation and model output. Computing this distance is made possible by the proposed logistic (or binary)
representation of the observation patches. The likelihood, expressed through the cost function, involves a hyper
parameter A that is adaptively tuned to ensure an acceptance ratio in the range 30-50 %. The width of the proposal
distribution is also adaptively updated by the MCMC algorithm. This yields well-mixed chains and helps ensure
that stationary distributions are efficiently reached.

Performance of the proposed algorithm is assessed for various scenarios where single and separate observation
patches originate from a single or a multiple sources, with each source consisting of a sequence of release events
belonging to a prescribed trajectory. The trajectory, extending from the Suez Canal till the Strait of Gibraltar in
the MS, is assumed to be traversed by vessels moving at a constant speed. For each experiment, the observation
patches are synthesized from a prescribed set of release sequences. For all experiments considered, the proposed
method succeeded in inferring the model parameters (location and relative contribution) and quantifying the
associated uncertainty. In particular, the inferred events indices are very close to the indices of events sources
used to synthesize the observation patches. Additional confidence in the performance of the proposed algorithm
was gained by comparing the most probable events inferred with those predicted by a global search optimization
algorithm.
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Future work will focus on extending the scope of the experimental setting, namely through the inclusion of
sources associated with multiple trajectories, and tackling the associated challenges. To improve efficiency and
expand applicability, we plan to explore alternative formulations of the inference algorithm based on sequential
inference of multiple sources, as well as the inclusion of multiple observations. We consequently anticipate that
the proposed framework would provide effective means for fast and accurate identification of multiple sources of
pollutants, and thus constitute a valuable resource in rapid response scenarios.
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